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GENERALISED CASTELNUOVO INEQUALITIES

LIAM A. DONOHOE

ABSTRACT. Given a Riemann surface of genus p, denoted by X, , admitting
J linear series of dimension r and degree n Accola derived a polynomial
function f(j, n,r) so that p < f(j, n, r) and exhibited plane models of
Riemann surfaces attaining equality in the inequality. In this paper we provide
a classification of all such X, when r > 6. In addition we classify curves,
Xp , of maximal genus when X, admits two linear series which have a common
dimension but different degrees.

INTRODUCTION

In his paper [3] Castelnuovo produced a bound on the genus of an algebraic
curve in terms of n, the degree, and r, the dimension, of a complete, sim-
ple, fixed point free, linear series on the curve. He then exhibited the curves
which possessed maximal genus. In his paper [1] Accola generalised the idea
by allowing the curve to admit several linear series of the same degree and di-
mension and then set himself the task of answering the questions; is there an
upper bound on the genus of the curve in terms of the number of linear series
and their degree and dimension and (if it exists) is this bound ever attained?
In his paper he produced a bound and then exhibited plane models of curves of
maximal genus. We shall call curves of maximal genus generalised Castelnuovo
curves. Martens [9], Coppens [5, 6], and Coppens and Kato [7] have considered
the problem for the case r = 1. Coppens gives a classification of Castelnuovo
curves possessing several gr’s in [6]. In this paper we consider the problem for
the case r > 6.

In this section we introduce the arguments used to produce the respective
upper bounds and establish some notation and fundamental ideas. All of these
are contained in [1]. In §1.1 and §1.2 we investigate the nature of the rela-
tionship holding between several g/ ’s on a generalised Castelnuovo curve. In
1.2.1 we prove that if g, and A} are two such linear series then

hy, =g +8r— 21—,

where g} is a pencil imposing two conditions on g and /4, and ; are fixed
divisors. From arguments used originally by Castelnuovo the model for X, in
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P’ lies on a rational normal surface scroll, the g} corresponds to the ruling
on the scroll and the &; are the singularities of the model. In §2 and §3
we perform the classification proper and we exhibit some plane models of the
curves in §4. Section 5 investigates the situation when X, admits g; and h;,,
and has maximal genus.

Definition 0.0. If g/ and g, are two complete linear series on a Riemann
surface X, ,with s <r and m < n we say that g3, imposes t linear conditions
on g if there is a complete linear series g;_%, so that g; = g5, + & _m-
This means that if 2 is a general divisor of g, containing m distinct points
then there are ¢ distinct points of &, x;, ..., x; sothat g} — (x;+--- + X;)
contains the other points of &2 among its fixed points. Also x;, ..., X, impose
independent conditions on g/, in the following sense: for each k there is a
divisor in g/ containing all of the x; except for x; .

We intoduce two results dealing with the general position of points on divisors
in linear series in projective space.The first one, which may be found in Coolidge
[4, Theorems 39, 43] is

Theorem 0.1. Let g, be a simple complete linear series without fixed points.
Then the general divisor & of gl is made up of n distinct points, and further-
more, any r points of & impose independent conditions on gj,.

The following generalisation of the preceding result is due to Accola [1].
Recall that if 2 and & are two divisors, then their greatest common divisor
is denoted by (2, &).

Theorem 0.2. Suppose that g, and g5, are two linear series without fixed points
so that r > s. If both series are composite, suppose that there is no involution
of which both are compounded. Then, for the general divisor & in g and any
divisor & in g5, the degree of (Z,&)<s.

Using these general position theorems we now discuss a notion due to Castel-
nuovo. Let gz, ..., g;’j'. be j fixed point free linear series on X, . If g = g
for some i > 2 then we assume that g, is simple, if all the gy are distinct
then we just assume that no two are composed of the same involution. Let
gR =3 gn , and let gﬁl‘ = gR + g,\ . We obtain a lower bound on R; in the
following way. We notice firstly that R; — R corresponds to the number of

conditions that gy imposes upon g,’él'. Let t; =r;— 1 if gy = gx and let

t; = min(r, r;) otherwise. Then, provided that n; > 1 + Z{=1 t; , the general
position theorem tells us that g;| imposes at least 1 + YJ_, t; conditions on
g,sl' and we have our lower bound on R;.

Using Castelnuovo’s method, Accola proves in his paper that if, ry > r; >
--->r; and the integers n; and /; satisfy the condition,

J
n,-ZZlkrk—l,-+1 Vi,
k>i

then the linear series

Wo=lgn+ -+
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has dimension at least
L () + 1 1) =1
‘I’(rl,...,rj;l,,...,lj)=z(')(2 )r,-—( )(12 )+ZZlilkrk.

i=1 k i<k

The condition on the #;’s is neccessary because g, cannot impose more than
n; conditions on W, . An important feature of Accola’s estimate of the lower
bound on the dimension of W, in the case where rj =r, =--- =r;, is that it
is independent of the order in which the addition takes place.

We turn our attention to the situation where X, admits j simple, complete,
special linear series of dimension r and degree n. We find a bound on the
genus of X, by adding up multiples of the linear series until the resulting
linear series is nonspecial (always assuming that Accola’s bound is attained,
and that Castelnuovo’s method may be applied at each stage), then we can use
the dimension and degree of the nonspecial linear series to calculate p. Curves
whose genus attains this upper bound are the subject of this paper. Let us
point out that in the case where all the linear series have the same degree and
dimension, Accola’s formula for the dimension is maximised when |/; — /;| < 1
Vi, j; for example, 3g; + h;, has dimension at least 10r — 3, while 2g/ + 24/,
has dimension at least 10r — 2.

|

This section will introduce several results necessary for our classification of
generalised Castelnuovo curves. Unless otherwise stated, we will assume our
&n’s to be complete, special, base point free, and simple. Wherever it appears,
the pencil g} will be assumed to be base point free. Finally we shall assume
that r > 6.

1.1.

Remark 1.1.1. In this section we shall always assume that when we add multi-
ples of two or more linear series together that we can apply Accola’s argument
to produce a lower bound on the dimension of the resulting linear series. For
example, if we add two distinct g/, ’s and the resulting linear series has dimen-
sion 3r, then the condition n > 3r will be understood. The reader is asked to
bear this in mind in what follows.

We recall that in Castelnuovo’s original argument for a Riemann surface
possessing one g , it was critical for him that the dimension of 2g, equal
3r—1. If r # 5 it was precisely this fact that allowed him to deduce that
the image of the curve X, under the map to P’ defined by g/ lies on a
rational normal surface scroll Y C P" [8]. If r = 5, then the curve may lie
on the Veronese surface in P°. Moreover, Castelnuovo was able to deduce the
existence of a g} on the curve cut out by the rulings of the scroll. Finally, since
the hyperplanes in P” cut out g/, he could also deduce that g} imposes two
conditions on g .

Lemma 1.1.2. Ifa Riemann surface X, admits two complete linear series g, and
hy,, and r > 6 such that W = 2g!, + h}, has dimension 6r — 1, the minimal
possible, then X, possesses a g} imposing two conditions on g, .

Proof. Since W has minimal dimension it follows that 2g” has minimal di-
mension and the result follows from Castelnuovo’s observation. O
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We quote, without proof, three results due to Accola [1] that we shall use
extensively throughout this paper.

Lemma 1.1.3. Suppose that g}, is simple and g;, is any other linear series,
possibly composite, so that r > s and n > r+s — 1. Then the dimension of
gh+ g5, is at least r +2s.

Lemma 1.1.4. Suppose that gl, and g3, are both simple, are without fixed points,
that n > m, r > s, and that n > 4s—2. Suppose further that s > 2 and that the
dimension of g+ g5, is exactly r+2s, then there are precisely three possibilities
for s and m:
(i) s=2,r=5,and g =2g3.
(i) s=r—2and g,=g7*+g
(i) s=r—1and gi=g;7'+8%,,.

We follow Accola in remarking that if g/, is simple and g/, + g3, has di-
mension r+2s,and r#5 , 3<s<r-3,then g3, is composite. The final
result we quote is the following .

Lemma 1.1.5. Suppose g!, is simple and without fixed points, g3, is composite
and without fixed points, and that the dimension of gl + g3, is equal to r + 2s.
Then, there exists a complete g}, with sT = m so that g3, = sgk. Moreover,
gl imposes precisely two conditions on g}

The series of results quoted above are foundational to our analysis. In the
following two lemmas, we use them to describe completely the nature of g/,
when 2g! has dimension 3r — 1 and g} — g} is composite.

Proposition 1.1.6. Suppose that X, admits a complete, simple linear series g,
and that 2g, has dimension 3r — 1. Let g} be the linear series that imposes
two conditions on g,. Then g} + (g, — gr] has dimension 3r — 4.

Proof. Note that g} imposes at least three conditions upon 2g; and that by
assumption, this linear series has dimension 3r—1. But 3r—4 is the minimum
possible dimension for g/ + [g}, — g+], so we are done. O

Corollary 1.1.7. If g, is a complete simple linear series so that 2g), has dimen-

sion 3r — 1 and g, — g} is composite (where g} imposes two conditions on

8l), then there exists an effective divisor, & (possibly the zero divisor), so that
g =(r-lgr+9.

Proof. By Proposition 1.1.6 and Lemma 1.1.5, we see that g;IZT is com-

pounded of a g§ which imposes two conditions on gy, i.e.,

g=(r-2g+gt+2

where @ is the fixed divisor of g/~%. Our task is to show that g} = g}.
Suppose that g} and g} are different, then g} + g! has dimension at least
three. Therefore, rewriting W = (r — 2)gl + g} as (r —3)g + (g} + g4) and
using the fact that g imposes at least two conditions on g} + gi we see that
W has dimension at least 3 +2(r — 3) = 2r — 3. Since r > 6, this number is
greater than r which is a contradiction. Therefore, gl =gl. O
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If X, admits a g} so that 2g; has dimension 3r — 1, then its image in
P’ lies on a rational normal surface scroll Y. The model will be determined
in part by the degree of the g} which imposes two conditions upon the linear
system cut out on X, by hyperplanes. We know of at least one g} on X,,
the linear system cut out on image of X, by the lines of the ruling on Y.
Conceivably, X, could admit many pencils which impose two conditions on g;,
and consequently, possess many distinct models. However, using an elementary
argument, we can show that there is only one such pencil.

Lemma 1.1.8. If X, admits a complete, simple g} so that 2g}, has dimension
3r— 1, then the gl imposing two conditions upon g, is unique.

Proof. Suppose that X, admits two distinct pencils, g} and g4, with both
imposing two conditions on g/ . Our proof is split into two parts.

(a) Suppose that one of the series g} —gi, g7 — g> is simple, for argument’s
sake let us assume that the latter series is simple. We have the relationships

8n=28 5+g and g =g % +gf.
We add these expressions for g; and compare dimensions. By assumption, 2g;,
has dimension 3r—1. By Lemma 1.1.3, g/~%+¢/~% has dimension 3r—6+¢.
Since g} and g} are distinct, gl + g} has dimension 3 + u. Applying 1.1.3
again, the right-hand side has dimension 3r+é&+2u+u;, where ¢, u, and p,
are all nonnegative. This is a contradiction.

(b) Suppose that both g — g} and g} — gl are composite then there exist
divisors & and & sothat g, = (r—1)g}+.% and g, =(r—1)gl+&. We
consider

2¢, = (g5 +81)+(r—2)gs+(r-2)gr+&+ 2.
The linear series g7 + g¢ has dimension at least three and both gl and g}
impose at least two conditions on it therefore, W = (g} + g}) + (r — 2)g} has
dimension at least 3 + 2r —4 = 2r — 1. By a similiar argument W + (r — 2)g}
has dimension at least 4r — 5. Since r > 6 this contradicts our assumption
that 2g; has dimension 3r—1. DO

Corollary 1.1.9. Suppose that h;,, and g, are two linear series such that g} +h;,
has dimension 3r, and both 2g} and 2h!, have dimension 3r — 1. Suppose,
moreover, that there exist linear series g1 and g§ so that hy, = (r—1)gl + P
and g, =(r—1)g;+@. Then gl = g!.

Proof. This follows from the argument given in (ii) above.

Lemma 1.1.10. If g, and g} are as in Lemma 1.1.8, then g!+ gl has dimen-
sion r+2.
Proof. Asin 1.1.7 our proof is split into two parts

(a) Suppose that g; — gl is simple, then write 2g} = [g — g}l + (g} + g}].
If g7+ g; has dimension r+3, thenby 1.1.3 and 1.1.4, [g} — gh1+[g}+ g}]
has dimension at least r + 3 + 2(r — 2) = 3r — 1. Of course, it has exactly this
dimension but then by 1.1.4, since (r+3)—(r—2)=5>3, g} — g} must be
composite. This contradicts our assumption.

(b) Suppose that g} — g is composite, i.e., g} = (r—1) g++% . Suppose that
gr+gr has dimension r+3, then consider the linear series g} +(r—1)gh+ 2.
It would have dimension at least 3r+r—3 > 3r—1, which is a contradiction. O
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We reconsider 1.1.8.

Theorem 1.1.11. Suppose that X, is a Riemann surface admitting two linear
series, g, and hl, with (for argument’s sake) m > n so that both 2g;, and
2h!, have dimension 3r—1, and g, +h;, has dimension 3r. Then a g} which
imposes two conditions on g, also imposes two conditions on h, .

Proof. Our proof splits in the usual way.

(a) Suppose g, = (r—1)g}+ . By assumption 4}, + g, has dimension 3r;
however, if gl imposes three or more conditions on A, , then (r—1)gk + h,
has dimension at least r + 3(r — 1) =4r -3 > 3r.

(b) Assume now that g, — g} is simple. Since 2A;, has dimension 3r — 1
there exists a linear series A} so that A}, = h’%c + h}. We shall show that
hs = 8t -

Suppose that A7, — h} is composite of dimension r —2 and that h{ # g}.
Then, there exists some & so that A, = (r—1)hi+ . Now, hl must impose
three or more conditions on g/ . The linear series W = g& + (r — 1)h} has
dimension at least r + 3(r — 1) = 3r+ (r — 3). Since r > 3, W cannot be
contained inside a linear series of dimension 3r, which is a contradiction.

We may suppose that A}, — hl is simple and of dimension r — 2.Then we
can write

8+ hi = 8r 7+ 2+ gt + BS).
If h} and g} are distinct, then h§ + g} has dimension at least three. Since
2 is simple, the linear series A, %+ [g}+hl] has dimension at least r+4.
By 1.1.4, the linear series g'~% + A’ % + [gF + h}] has dimension at least
r+ 4 +2(r—2) = 3r. Of course, by hypothesis, it has exactly this dimension.
However, by 1.1.5,since r+4—(r—2)=6 >3, g;ZZT must be composite,
which contradicts our assumption. 0O

Remark 1.1.12. We note that if g/ is fixed point free and g} imposes two
conditions on g/, so that the linear series g} — g is simple, then gj — g} is
also fixed point free. If g, — gl = g2 + &, where & is effective, then g
contains the linear series g/, 2 + g} which has dimension r. Therefore, g,
contains fixed points, which is a contradiction.

Corollary 1.1.13. Suppose that g, and h, are two linear series satisfying the
assumptions of 1.1.11 and that g}, — g& is simple. Then W = gl — g} + h},
has dimension 3r — 3.

Proof. Since g} imposes two conditions on both g; and 4;,, W has dimen-
sion at most 3r — 3. If it has dimension 3r — 4, then since g} — g} is simple
and fixed point free, we find, by 1.1.4, that A/, = (g — g}]+h}, for some A} .
By 1.1.11, we must have g} = h}, a contradiction. O

Lemma 1.1.14 (Accola). Suppose that g, and h3, are two special linear series,
and that g!, is simple. If g+ hs, = git2s*! where t >0 and r>s+ 1+t then
hs, imposes no more than s +t+ 1 conditions on gy .

Proof. Let F be the fixed point set of K— 45, . Choose a general divisor & of
hs, that corresponds to m distinct points in general position in P°. We may
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assume that (&, %)= 2 and that
E=x1+4 -+ Xosp+ Xosprpr + 0+ X

where x; +---+ Xz, imposes independent conditions on g + A3, .There exists
a divisor & in kS, so that (Z,&) =x;+ -+ x,_. If £ is any divisor
in g/ containing X, + --- + X4, — recall that s+¢+1 <r — then & also
contains the points Xys;41+- -+ Xm . S0 £ contains m —s+ 1 points of & .
Since kS, is special, A5, imposes m —s conditions on K. Therefore, it cannot
impose more conditions on g/ which, also being special, is a subseries of 'K.
Therefore, & c £ . Thus h, imposes at most s+¢+1 conditionson g;. O

Corollary 1.1.15. Suppose that g, and h!, satisfy the hypotheses of 1.1.13.
Then b, = 8175+ 85,7

Proof. Note, as a consequence of 1.1.11 and 1.1.13, that A}, + g;ZZT has

dimension exactly 3r — 3. By 1.1.14, g,’,:zT imposes at most r conditions on
h!, , however it cannot impose fewer conditions since if it imposed only r — 1
conditions, there would be a g} _,.r which imposed two conditions on A},
which we have seen is impossible. Therefore

-2
hr’n = grrz—T + gr?l—n+T' a

In 1.1.21 we shall extend this result to cover the situation where both g/ — gl
and hl, — h}. are composite.

Remark 1.1.16. Suppose that our Riemann surface admits, in addition to a g}
for which 2g’ has dimension 3r — 1, a simple g/~! so that the dimension of
gh + gi~! equals 3r — 2. Then by 1.1.3 g/-! is a subsequence of g}, and
since g} imposes two conditions on g} it cannot impose more on gt

When we begin to consider the consequences of X, admitting several g;’s
attaining equality in a generalised Castelnuovo inequality we need some infor-
mation about the dimension of multiples of our g}. Our next result provides
this information.

Lemma 1.1.17. Suppose that X, admits j > 3 linear series of dimension r > 6,
so that 2g; has dimension 3r—1 for 1 <i< j,and g +---+g; has minimal
dimension. Then the linear series 3g)., where gl is the pencil imposing two
conditions on each g;, has dimension three, i.e., it is composite.

Proof. First, we note that if any of the g;— g} is composite, then 1.1.6 assures
us that (r—1)g} has dimension r—1, since r > 6 our result follows. Therefore,
suppose that g; — g is simple Vi. Consider the linear series W = g; + g2 + &3
and rewrite it as

W =[g - grl+ (& — &rl+ & — &1l + 3g;-
By hypothesis, W has dimension 6r, while W, = W — 3gl has dimension
6r — 12 +¢. If 3gl has dimension four, by applying Accola’s method, we see
that W has dimension at least 6(r —2) +3-4+3+1 = 6r+4, whichis a
contradiction. 0O

Remark 1.1.18. If we have two linear linear series, g, and 4}, , such that 2g;
and 2h!, have dimension 3r—1, g/ +h], has dimension 3r, and both g/ — g}
and hj, — g} are composite, then & and £, as exhibited above, cannot be
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empty. If this were the case, and m = n, then we would have g/ = A/, , while
if m > n, h}, would have fixed points.

Theorem 1.1.19. Suppose that we have two linear series g, and hi,, both of
dimension r > 6 and both simple. Suppose that 2g,+2h}, has dimension 10r—
2, the minimum possible (this implies that 2g}, and 2h}, both have dimension
3r—1 and that 2g’ + h!,, and 2k, + g, both have dimension 6r—1). Let g}
be as usual, and suppose that at least one of g, — g or hl,, — gk is composite.
Then there exist linear series g and h both of dimension r + 2, both simple,
which satisfy the hypotheses of 1.1.11 (with r replaced everywhere by r +2).

Proof. (a) Suppose that A, — gk is composite and that g,’,:zT is simple. Let
hl,=(r—1)gl+@. Let g = g, + g} and h = hi, + g} . Recall that both g
and h have dimension 7+ 2 by 1.1.10.

(i) We show that 2¢ has dimension 3r + 5. To see this, first consider
the linear series & + g;. We claim that it has dimension 3r + 2. If not,
then since 2g; has dimension 3r — 1, each time we add a multiple of gr
to 2g., we increase the dimension by at least four. Rewrite 2g; + h;, as
g+ g, +(r—1)g}+& and consider the linear series g} + g} + (r—1)g} . It has
dimension at least 3r —1+4(r — 1) = 6r — 1 + (r — 4) , which is a contradiction
because r > 6.

Suppose that 2¢ has dimension 3r + 6 or more, then every time we add a
multiple of g} to g+g/, we increase the dimension by at least four. Rewrite the
linear series 2g.+h!, as g+g;+(r—2)g}+& and then consider the linear series
&+g.+(r—2)gk. It has dimension at least 3r+2+4(r—2)=6r—1+(r-5),
which is too big since r > 6.

(ii) Using the fact that 2A/, + g, has dimension 6r — 1 and arguing in a
similar way, we can show that g + & has dimension 3(r +2).

(iii) To show that 2h has dimension 3(r + 2) — 1 we proceed in stages
as before. Later (1.1.20) we shall need the fact that h + h, has dimension
3r + 2, so we prove it here, along the way, so to speak. We use the fact that
W = 2h!, + g has dimension 6r — 1. Rewriting W as h+h+ g,’,:ZT , We can
compute an upper bound on the number of conditions that g,’,:zT imposes on
W . We rewrite W again this time as

(r—2)gr +(r—2)gr +2€ + 3¢t + 8,7
and using Accola’s general position theorem we see that g;ZZT imposes at least
2(r—2)+3+(r—3)+1=23r—3 conditions on W . This implies that & + A/,
has dimension no more than 3r + 2, which is what we wanted to show.
By assumption W = 2g} +2h], = Zg;IZT +2h has dimension 10r—2 and we
shall show that 2g"~2. imposes at least 6r — 7 conditions on W . We rewrite

W=2g""2+(r-2)gk+(r—2)gh+4gt+20 =g/ =2+ W,.

Then, by applying Accola’s general position theorem, g,’ljzr imposes at least
2(r—2)+4+42(r—3)+1=4r-5 conditions on W and so W, has dimension
no more than 6r+3. But g’~% imposes at least (r—3)+2r+1 conditions on
W, which implies that 2h has dimension no more than 6r+3—(3r—2) = 3r+5.
Since it has at least this dimension we are done.
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(b) The case where both g — g} and h}, — g} are composite is easier, we
just mimic the argument given in (i) to complete the proof. O

Lemma 1.1.20. Let g, and h!, be as in 1.1.19. If g, — g} is simple and
g =g'+9, orif g, — gl is composite and g, = (r—1)gh + then @
lies in one divisor of g} .

Proof. (a) Let us consider first the case g = gi;' + 2 where g — g = g/ ~%
is simple. By 1.1.12 g"~2. is base point free. We saw in 1.1.6 that g} + g"~2.

has dimension 3r — 4 however, by 1.1.3 g/~ + g,’,:ZT has dimension at least

3r— 5, since & # @ we see that it has exactly this dimension. Since g;ZZT
is simple and fixed point free we can apply 1.1.4 to see that there exists an
effective divisor & so that

gl=g"1+8.

Now we can write
- -2
=g rter=85+&+2

which implies that g} — Z is effective.

(b) Now we consider the case g, = (r—1)g}+2 . We want to show that &
imposes just one condition on &. Then g = g.f! + & where gt is simple
(because it contains g/ ) then we use the fact that g+ g/ has dimension 3r+2
to reduce the argument to the one given in the first case.

The linear series 2g} = g+ (r— 1)g-+2 has dimension 3r— 1. However,
the linear series g, + (r—1)g} has dimension at least 3r—2 since g} imposes
two conditions on g, if it had dimension 3r — 1 then & would be a fixed
divisor of 2g/, which we know to be fixed pointfree. Therefore, & imposes
one condition on 2g/ and therefore one condition on & which is a subseries
of 2¢g;,. O

Remark 1.1.21. Suppose that g; and hJ, satisfy the hypotheses of 1.1.19 and
that both g/ — g} and h,—h}. are composite. Then, by 1.1.7 and 1.1.11 there
are divisors & and & sothat g, =(r—1)gt+2 and b, =(r-1)g}+&.
By 1.1.20 2 and & are both contained in a single divisor of g}. If & isa
fixed divisor contained in a single divisor g} then we denote by & the divisor
g+ — P . We may write

h,=gi+t8t-2-&=I[g,-e)+T+€,
which extends the result of 1.1.15.
1.2. This section contains the theorems which allow us to describe the nature
of the relationship between two linear series on X,, g, and A}, where g, and

h}, are such that 2g/ + 2h}, has minimal dimension. We suspect a relationship
similar to the one described in 1.1.21, our next result confirms our suspicions.

Theorem 1.2.1. Suppose that g, and h}, are two linear series on X, so that
28r + 2hl, has minimal dimension 10r — 2. Then there exist effective divisors
D, i=1,2 sothat

h, =gn+ 8- -2,
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and there are two possibilities:

(i) if (D,D,) =2 then &, and 2, are fixed divisors which are contained
in different divisors of g} .

(i) If (2, D) # @ then D, and &, are contained in the same divisor of
gr, but 2\ + 2, is not contained in any divisor of g}

The first of these situations we shall describe as generic, the second we shall call
nongeneric.

Proof. Note that if both g, — g} and A}, — g} are composite then the result
follows from 1.1.21. We may as well assume therefore that g — g} is sim-
ple.Consider the linear series A}, + g — g}. We saw above, in 1.1.14, that it
has dimension 3r — 3, and that as a consequence of this

(1.1) W, =g "2+ 8% it

Let us examine the linear series A7, + [g/ + g}], we claim it has dimension
3r+ 3. If either g; — gl or h, — g} is composite, then, using the arguments
of 1.1.19, we see immediately that & + & + g} has dimension 3(r +2) + 3.
So we may assume that A/, — gi is simple. We establish first that 3r +3 isa
lower bound. By 1.1.10 g/ + g} has dimension r+2,by 1.1.3 [g+ gt +hAl,
has dimension at least 3r + 2. If it has dimension exactly 3r + 2 then by
1.1.4 there exists a g,}_m +r SO that g/ + gt =h,+ g,i_m +7- Consequently
8 _,.r imposes two conditions on the series g ; if m > n this contradicts
1.1.8, since g} has no fixed points. If n = m then by 1.1.8 we conclude that
gr = h, also a contradiction. To see that 3r + 3 is also an upper bound, we
consider the linear series W = 2g} + h/, . By assumption, W has dimension
6r — 1. Rewrite it as [g] — g-] +[g} + h, + g+]. Now we rewrite it again, this
time as 2[g, — g+ + [k, — g+] + 3g}. By Accola’s count g — g} imposes at
least 2(r —3)+ (r—2)+ 3 + 1 = 3r — 4 conditions on W . The claim follows
immediately.

By 1.1.14, A, imposes at most r + 2 conditions on g} + g}. By Accola’s
general position theorem k/, imposes at least r + 1 conditions on g} + g+.
If it impose exactly r + 1 conditions, then X, admits a gl_, ., imposing
two conditions on both 4}, and g;, which is impossible for the reasons given
above. Therefore A], imposes two conditions on g; + g} and there exists an
effective divisor g2_, ., so that

yy+ & pit = &h + 87
We also have
hrrn + gr?—m+T = g;::2T + 2g71“‘
Therefore,
(1.2) = g %+ 1281 — 80l

Combining (1.1) and (1.2), we find that g%_, . and g2 , . are both con-
tained in 2g} and that

1 0 0
2gT =8n-m+7 T Em-n+1-
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Using an argument similar to the one given in 1.1.17 we can show that 2g}
has dimension two. So we may write

281 - gm n+T = gn m+T-
Clearly, neither g%_, . nor g9_ . can lie in a single divisor of g}. There-
fore, there exist divisors & and & of degree s and ¢ respectively, where
T+m-n=s+gq, so that
go-mir =81 — &1+ (81 - &)
Then, letting &, = g} — & and 2, = g} — &, we obtain
(1.3) by = gn+ 81— 21— D,
and either
(i) 2 and 2, lie in different divisors of g},
(i) 2, and 2; lie in the same divisor of g} .
Note that if (ii) is the case, then we cannot have (2,,2;) =@. If m > n
then g} — 2, — 2, would be an effective divisor and 4/, would have fixed
points, while if m = n, we would have 4} = g/ . Both of these conclusions are
contradictory to our assumptions. 0O
Lemma 1.2.2. If we are in the generic situation above then (i) 9; imposes one
condition on g}, and (ii) g, — 2; is fixed point free for each i.
Proof. If & is contained in a single divisor of g}, let us denote the divisor
~2 by 9. Let s and g be the degrees of 2, and 2, respectively. Let
us suppose that g, — gl and hf, — g} are both simple, if this is not the case
then we can replace g; and A}, in (1.3) above by & and h , both of which
will then satisfy the hypotheses of 1.1.11, which are the only ones we really
need in this proof.

(1) Suppose that 2 imposes two conditions on g,. Let g/=2 = g/ — 9,
and let g~ T = g/ — g+, by assumption the latter is simple and fixed point free.
Then

h, = gn+8r—2 -2, =18, - D +8r — D)
But, since Z, is contained in a single divisor of g},
- D =g"%+2 =gk
Therefore
g i=h, - g +2,= b2+ D

and we conclude that (@1 , D) # @, which contradicts our assumption that
the Z; lie in different divisors of g} . Therefore, g, — 2; has dimension one
for each i.

(ii) Suppose that g} — 2, = g/ + F where F # @, since g/~! contains
&n_ T itis simple. By 1.1.20, (i), ¥ +2, must lie in one divisor of g}. Then

hr —g,,, ]+y+92

again, by 1.1.20 we see that ¥ + 2, must lie in one divisor of g+, a contra-
diction. Note also that 4}, —%; is fixed point free and of dimension r—1. O

We would like to make the same type of claim for the nongeneric case. Of
course, we cannot completely duplicate the last result, but the following lemma
introduces some structure into this situation.
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Lemma 1.2.3. If g, and h}, are asin 1.2.1 and
h, = g + g — D1 — D, with (D1, D) # @,

we shall prove that it is possible to find 2, and D, so that D+ D, = D, + D,
and
i) (£1,22)=2.
(i) 2, imposes one condition on g} .
(iii) gy — <1 has no fixed points.
(iv) (£r,9)=2.

Proof. Let us suppose that g} — g+ and hf, — gl are both simple. If this is

not the case then we can replace g; and 4/, in (1.3) above by & and h , both
of which will then satisfy the hypotheses of 1.1.11. The proof is constructive.
Suppose that

h,’,.=g,§+g}—-°21 -9
where (91,92) #0.

(i) Let & = (921 , .022). Then we can write D, =& +% and 9, =% +%
where (&, %) = @. Let us write

G=AS+B+F+E.

Then we have
h,=g +g+ - (A +B+F)-B.
Clearly, if we let 9, =&/ + B +% and 9, = % , we have a pair of divisors
satisfying (i).
(i1) Next, we must show that %, imposes only one condition on gj . Suppose
that it does not. Note that

n, — g+ = (g5 — 1) — D

Let & = gl — 9. If &, imposes two conditions on g/, then since g} itself
imposes two conditions on g, ; we must have

W, —gb+Dr= (g, - gh) +&.

Both sides have dimension r—2 and & 1is the fixed point set of the right-hand
side. Clearly, &, and & have the same degree, but they cannot be equal, since
g; and hJ, are distinct. Thus, we have a contradiction.

(iii) Suppose that g; — F, = g/~! + &, where g/~' has dimension r — 1
and & is an effective divisor, possibly of degree zero. Assuming that ? #0,
we proceed as follows, let g} =& + 2, + & + & where 9, = + 2 + %,
then

Ro=(g -+ (g -D) =8 '+ A +E+& + &
and . .
gh=8""'+ 2 +&.
Adding the expressions for g and h/, , we obtain a linear series of dimension
3r. Since g} =& + 9, +% + &, we find that

g+h, =g +gh +8 ! + (A +F +28).
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Because g, — gl is simple, it follows that gf ~! is also simple, therefore the
linear series gf -y g+ has dimension at least r + 1. By Accola’s count, the
linear series (g/~' + g4) + g/~ has dimension at least 3r — 1. Clearly, its
dimension can be no greater than this — since & # @, and g/, + k!, is fixed
point free — so we may conclude that the divisor & + & + 2& imposes one
condition on the linear series g} + A}, . Therefore, it imposes one condition on
gh and we may deduce that there exists some effective divisor .# such that

A+ D+ C+&E=A +C+28+F.
So (2, &) =& and we may write

b= gr+8t— (2 +&) - (D - &),
Note that (i), (ii), and (iii) are true for the divisors 2 = D +& and D, =
9-&.

(iv) We may write h}, = g + g+ — 9, — D, where (i), (ii), and (iii) hold for

2, and 2. Let g[*! = g[~! + g} where g/ = g/~' + 2;. By the argument
contained in (iii), g/*' has dimension r + 1. We have the relationships g/ =

g+~ and hl, = gi*' — 2,. Since g and k), are distinct, (27, D)) =
. 0

Remark 1.2.4. In any case where the relationship between two linear series is
nongeneric, we shall always assume that the pair of divisors involved enjoy the
properties of &, and &, described in the preceding lemma. Our next result
considers the consequences of X, admitting three or more linear series which,
taken pairwise, satisfy the hypotheses of 1.2.1.

Theorem 1.2.5. Suppose that X, possesses three linear series g;,i =1,2,3,
of the same dimension and degree. Let the dimension of each linear series be
r. Suppose that the linear series taken pairwise, satisfy the hypotheses of 1.2.1
and the hypothesis that Y g; is of minimal dimension. Let g} be the resulting
pencil imposing two conditions on each of the g;. Let us further assume that
gi— gt is simple for each i (cf 1.1.19). We can write g, = g+ g+ — 2, - D5,
and g3=g1+8--& - & forsome 2, , D, , & ,and & . Then {2\, 2, }
n{ &, &} #o2.

Proof. We have the two relationships

(D) Q=8+8 -2 -2,
and
(E) s=8+8-&-4

By the same type of argument used to produce (D) and (E), we can obtain

(F) H=0+8 -F-%.

At this stage, there are eight possibilities depending upon whether or not (D),
(E), and (F) are generic or nongeneric. By symmetry, we are left with the six
cases:

(i) (D), (E), and (F) all generic.
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(ii) (D), (E), and (F) nongeneric.

(iii) (D) and (F) generic, (E) nongeneric.
(iv) (D) and (E) generic, (F) nongeneric.
(v) (D) generic, (E) and (F) nongeneric.
(vi) (D) and (E) nongeneric, (F) generic.

(i) From the three relationships, we find that

B=8+28+-D-D-FA-%A
which implies that
g=Ig —grl+Ber -2 -2 - % - Al

However, we also have

g =18 - gl +12¢r - & - &l
Therefore
28} - & -& =381 -D-Dr - F - A

We may rewrite the last relationship as

(1.4) &+&=381 -2 -D-F - S

(a) Let us assume that &, , #, and % each lie in a different divisor of
g} . Then we can write

E+&E=D+F +81 - D - Al
Adding 2, to both sides we obtain
E+ G5+ DI =D+F+F.

We have equality here instead of linear equivalence because, by 1.1.17, 3gT
has dimension three and because &, # , and % lie in different d1v1sors of
g} . We must have, therefore, & =9, or & = 2, in either case we are
done.

(b) Suppose that no three of the divisors 2, 2,, %, % are contained in
different divisors of g}.. Let us assume, for argument’s sake, that HA and 91
are contained in the same divisor of g}, asare &, and % . If 2 +A = gk,
then from (1.4), we obtain

E+& =8+ -21 - A1+ FH+ D

This implies that L
H+E =D+ .

We have equality here, not just linear equivalence, because & and & lie in
different divisors of g}. However, this relationship implies that &, and %
are contained in different divisors of g}, which contradicts our assumption.

If (2, %) # @, then since 2, and F both impose one condition upon
g2, we conclude that 9 = 7, i.e., 2, + F = g}. However, we have already
disposed of this possibility. L

Finally, we must consider the case (Z;, %) = @. Then, since Z; and #
are contained in the same divisor of g}, (2y, %) = % . Similarly, (%, 2) =
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% . Suppose that there exist divisors & and & such that # + 2 =2, and
e72 +& = 92 . Then

Q=8+8-21-D,
s=g+8-8-&,
B=80+8 - -DH+D+&.

Since g, and g; have the same degree, we must have & = & = 0. If this
is the case, and we add g; to the second expression for g3, then we find that
g1 + g3 = 2g,, counting dimensions leads us to a contradiction.

(ii) and (vi) (a) First of all, let us assume that &; and &; lie in different
divisors of g}-. Suppose that &, liesin # ,and & liesin &, then (#, %) =
@& . We shall obtain a contradiction as follows. We have the relationship

E+& =38 -2 -D-F - %.

The left-hand side has dimension zero, since & +&, is not contained in a single
divisor of g}. Futhermore, it contains only points which lie in &, so adding
the divisor g} — 9, = D, to it does not change the dimension since the result
may be written as 3g- — & — & — Z,, which clearly has dimension zero. We
have
D+&E+E =2, +FA +%.

Since (2,,2,) = @, (?ﬁ +&, 2,) # @, which is a contradiction. This
argument is typical of the ones used below in (iii), (iv), and (v), and we shall
not reproduce it.

(b) Now we may assume that Z; and & lie in the same divisor of g}.
We recall that T = deg P + deg P, and that (9,,2,) = Z,. Therefore,
degZ; > T /2. Exactly the same is true for the pair of divisors & and & .

Suppose that degZ, > T'/2. We conclude that (2, &) # @. Since g,—-9;
and g, —& are both fixed point free, and both have dimension r—1, Z; = & .

If deg2, = T/2, then @, = 2,. If (2, &) = 2, then the restriction
on the degrees demands that & = & = ;. Adding g, and g; together,
we find that g, + g3 = 2g,. Counting dimensions gives a contradiction, so
(2, &) # @, in which case, we must have 2, = & .

(iii) We have (&), &) = &, . Suppose that & is contained in # , a divisor
of gl. Since 2, and 2, are in different divisors of g, they both cannot lie
inside # .

(a) Suppose that neither Z; nor 2, liesin # . Then, as in (i) we find that
since & + & has dimension zero

7+&E+&E =D +FA+F.
Since # and % are contained in different divisors of g}, we must have, for

example, &, = 7, , and therefore & +& = Z, +% which contradicts the fact
that (@l,%)=2.

(b) Suppose that 2, lies in # , then &, certaintly lies in a different divisor
and, once again, we have

D+ E+ & =D +F +F.

As before, we can reduce this relationship to
E+5=9+%.
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We note that since (&, &) = &, (%, %) # @. However, we have the two
relationships

$=8+8-&-& and g=g+g-F-A.

From 1.2.2 and 1.2.3, it follows that ¢ & and % both impose one condition
on g3. Since both g3 — & and g; — % are fixed point free, we conclude that
& =% andthat & =9, ,ie., & =9.

(iv) In this case, we may assume that 2, is not contained in the same divisor
of g} as A is. Again, we can write

D+E+G =D+ A+ F.

Since 2, and 2 lie in different divisors, and & and & also lie in different
divisors of g}, we must have &, =& or 9, = &.

(v) We shall see that this case is impossible.

(a) Suppose that neither 2, nor 2, is contained in the same divisor of g}
as & and & are. Then, as before, the linear series 2, + & + & will have
dimension zero, and we find that

D+E+E =D+ F +F.

Since Z; and 2; lie in different divisors of g}, we must have (Z+Z_’z, D) #
@, which is a contradiction.
(b) Next, suppose that Z; lies in the same divisor of g} as & and & do.

Once again, the divisor &, + &+ & will have dimension zero and we obtain
DB+ E+EGE =D +F+%.

At this point, if we assume that & and # lie in the same divisor of g},
we get a contradiction because &, and Z; lie in different divisors of g}.

If & and A lie in different divisors, then we obtain the relationships 2, =
Fi+F and D, = & + &, Considering degrees, 2, must have degree T, a
contradiction. 0O

Remark 1.2.6. If we have j > 5 linear series of the same degree and dimension,
and a linear combination of these linear series attains equality in the generalised
Castelnuovo inequality, then from 1.2.5 and the observation that if four or
more sets each contain two elements, and no two sets are disjoint, one element
is common to all of the sets, it follows that there exists a divisor & lying in a
single divisor of g} so that, for 2<i<j, g = g + g -2 — ;. Moreover,
since g; — < is base point free (by 1.2.2 and 1.2.3), g; — g} is base point
free Vi, and
gi-er=Ig—-21-9

it follows that (Z;, 9, ) =2 if i #k.

However, if j = 4 and the relationships between the linear series are generic
then there may exist three distinct divisors &, &, and ¥ , all having the same
degree and all lying in different divisors of gl so that

QL=81+8-9-¢, =g+ -9-%,

and

Ga=ga+8-&-%.
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We shall describe this situation as exceptional.

Remark 1.2.7. If X, admits two linear series g, and g, satisfying the condi-
tions of 1.2.1, then for some divisors 2 and @, &y = g1+ 8--2,-2,. If
(21, 2,) = @, then when we map X, to its image in P" via g, &, and 2,
will yield singularities which may fall together on the curve in P", however, by
assuming that the singularities are disjoint, we can give a lower bound on their
contribution to the delta invariant. In §3, we show that for generalised Castel-
nuovo curves, this estimate is sharp. If (9,, 9,) = 2,, then the singularities
on the image curve are not disjoint, one “lives inside the other.” We can see this
in some sense by using the following rather heuristic argument. The larger divi-
sor Z; corresponds to a singularity S on the curve in P’ , the projection of the
curve into P’~! from the “point” S corresponds to the series g, ! = g — 2 .
Since g, — 2, has dimension r — 2 the divisor 2, corresponds to a singu-
lar point on the curve in P'~!. In any case the contribution of these nested
singularities to the delta-invariant is bounded below by the same lower-bound
as in the case (), 2,) = @. Therefore, as far as the calculations in §3 are
concerned, we may always assume that the relationship between any two linear
series is generic.

2

In this section, we break some ground in our classification of generalised
Castelnuovo curves. We perform the preliminary calculations that we will call
upon in §3 when we get down to the classification proper. We can use these
results to narrow our range of possible candidates, but alone they are not quite
enough to provide models of such curves. Allied to a little geometry, however,
they will allow us to complete the classification.

2.0.

Remark 2.0.1. Given positive integers n, r, and j, consider n mod (jr—1).
There existsan / € Z*+,sothatif A=n—(jr—1)/,then 2—(j-2)r <A <2r.
We choose k, 0 <k <j—1, so that

r+1<A<2r if k=0
2<A<r if k=1

2—(k-r<A<l—-(k-2)r if2<k<j-L.

If k<1 wecanwrite n=(jl—k+2)r—(I+t).If k=0 then 0<t<r-1,
whileif k =1then 0<:<r-2.1If k > 2,wewrite n = (jl-k+2)r—(I-1+t)
where 0<t<r-1.
Let us assume that we have a Riemann surface of genus p, X, , which admits
J simple linear series of dimension r and degree n and that X, is a generalised
Castelnuovo curve, by the preceding remark, given n, r, and j there are
essentially three possiblilities:
(i) n=0Ul+2)r—(+t) forsome ¢, 0<t<r-1 (
(i) n=l+1)r—(/+1¢) forsome t, 0<t<r-2 (
(i) n=((l-k+2)r—(+t-1) for some k, 2 <
0<t<r-1.

k
k

0)
1)

k<j-1 and ¢,
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Perhaps some motivation for the preceding decomposition of #, the degree
of our linear series, is in order. Let X, be a generalised Castelnuovo curve
admitting j linear series of degree n and dimension r, and let k&, /, and ¢
be as above then

(i) If k=0, and the linear series
Wiy,0,)=1llgi+g&+ - +gjl

has smallest possible dimension, then its Clifford index is nonnegative,
while W(j,j—1,l+1)=W(j,0,[)+ g will have negative Clifford
index and be nonspecial.!

(i) If k>1, and

Wi, k,)=(10-Dlgi+-+ g+ g1+ + &

is of smallest dimension then its Clifford index will be nonnegative.
while W(j,k—-1,1) = W(j, k, )+ g will have negative Clifford
index and be nonspecial.

In the following -calculations, we find the conditions on #n that
W(,j-1,1+1) and W(j, k,[) have negative Clifford index. We must
also consider the possibility that either W(j,j—1,/+ 1) or W(j, k,l) is
exactly canonical, and has smallest dimension.

We recall that if g;.--g; are j r-dimensional linear series, then Accola’s
formula for the minimum dimension of /;g; +--- +/;g;, is given by

J ) ) N7 J
(2.1) Y, k, )= s +21)(1')r - (1,)(1,2 D, SN il
i=1 k=1 i<k

In [1], Accola derives W(j, k, /) and writes it in a form that enables one
to easily see that it is indeed a lower bound on the dimension of W (j, k, ).
In the following lemma, we express Accola’s estimate for ¥(j, k, /) in a form
that allows us to quickly determine whether or not W (j, k, /) is nonspecial.

Lemma 2.0.2. Let X, be Riemann surface admitting j linear series of dimen-
sion r so that

Wi, k,D=(U-Digi+ -+ &l +lgn+ -+gll1<k<j-1
or
W(j,0,1)=l[g1+~~+gj]
has the smallest possible dimension Y(j, k,l). Then

W k. l)= (Jl—k+ 1)(jl—k)r_ (Jl = 2k)(1 - 1).

2 2
Proof. Let

Fixing j and /, we proceed, by induction on k, to show that ®(j, k, /) =
Y(j, k,!l). For k = j—1 this assertion is easily verifiable and we omit the de-
tails. Let 6, be the number of conditions that g, imposes on

Here, for our convenience we interchange the roles of g; and g -
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W(j, k—1,1). From Accola’s definition of ¥(j, k, ) it follows automatically
that ¥(j,k-1,)-6, =%¥(j, k,[). Wenote that 6, = (ji-k+1)r—(I-1)
and leave the reader to verify that ®(j, k - 1,[) — 6, = ®(j, k, ), which
completes the proof. O

Remark 2.0.3. Usually it is more convenient to write

Wi, k, 1) = (ﬂ—k+21)(jl—k)r_ (ﬂ_kz)(l_ D +k(12— D

If k> 1 and the Clifford index of W(j, k — 1, 1) is negative, then

. (k-1({-1)
n< Gl —k+2)r—(-1)+] Tk |,

and W(j, k—1,1) is nonspecial by Clifford’s theorem. We now indicate how
the decomposition of n mentioned earlier comes about. We exhibit the case
k = 0 and leave the verification for the cases k =1 and 2 <k <j -1 to the
reader.

(i) (k = 0) Using Accola’s formula to calculate the dimension of
W(,j—1,1+1), we find it to be (for convenience we interchange the role of

& and g;)
JI+HGI+2) i+l LU= D)
2 2 2
The degree of W(j, j—1,[+1) is (jl+1)n. Thusrequiring W(j, j—1,[+1)
to have negative Clifford index, and so be nonspecial, means that

Ul+Dn<l+D)Gl+2)r =G+ DD+ (G- DL

WU, j—1,0+1)="

Therefore, ‘
n<(l+2yr-1+ [(_jl_-y—ll)l}
The quantity in the brackets is always positive and less than 1, therefore
n<(l+2)r-1.
At the same time however, we must also have
n>(+0)(r-D+G-Dir+1=l+r-1

in order to ensure that Castelnuovo’s method may be applied. Taking n =
(Jjl+2)r—(I+1t) where 0 <t <r—1 ensures that both of these conditions are
fulfilled.

Remark 2.0.4. We note that (jl—k)n # 2¥(j, k, I) unless we take kK =0 and
haven = (jl + 1)r — (I — 1). However, this is just case (i) with t=r—1. We
note that, generally speaking, if W(j, k, /) has negative Clifford index then we
cannot apply Accola’s method to compute the dimension of W(j, k- 1,1),
the obstruction being the restriction on the degree. However, by the preced-
ing observation, if W(j, 0, /) is exactly canonical and has smallest possible
dimension, then W(j, j — 1,/ + 1) is nonspecial and has smallest possible
dimension.

Remark 2.0.5. Note that in the case k > | mentioned above we neccessarily
have / > 2. This implies that any pair of g;, for 1 < i < j, satisfy the
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hypotheses of 1.2.1 namely that 2g; + 2g; has dimension 10r —2. This is not
the case if Kk =0 and Y g; is exactly canonical therefore whenever we consider
the case k =0 we assume that /> 2.

Finally, the following lemma will be used repeatedly in the following sections.
From our work in §1 we know that a generalised Castelnuovo curve will possess
a unique g} imposing two conditions on each g/ admitted by X,. Our next
result, due to Accola in [1], gives us a lower bound on the value of 7. We
present the result in its full generality.

Lemma 2.0.6. If g} is a complete linear series imposing two conditions on each
g for 1 <i < j where each gy is simple and

hep +---+1igi +em=K,

then T >3 Ii+2. If gl is simple, then T > 3I_ I;+3.

Proof. The argument presented here is culled directly from Accola [1]. Assume
that g}, is composite, for our purposes we shall also assume that it is com-
pounded of gl. Suppose now that T < Y°J_, /; + 1. Choose a divisor & in
g}, away from the fixed points of gl , consisting of 7 distinct points. Write
D =x1+---+xr. Since all of the g, are simple and g} imposes two condi-
tions on each of them we may choose T'—1 divisors (indexed in some fashion)
9; € g,i’;‘ for some k € {1, ..., j} so that (Z,Z;) = x; (such divisors exist
by Accola’s general position theorem). Now consider the divisor € = Y ;. It
lies in K and contains T—1 points of & . Since g} imposes T—1 conditions
on K we see that & contains all of the points of & , which is a contradiction.
When gh, is simple, then g} imposes at least two conditions on it, and the
argument is essentially the same except that in addition to the &; mentioned

above we can find a divisor &) in g}, so that (2, Z) = x;, for some i, then
welet 0=2,+Y9;. O

Remark 2.0.7. If X, is a generalised Castelnuovo curve admitting j linear
series g;, ..., g all of dimension r and degree n so that W(j, k+1,1) is
nonspecial while W (j, k, /) is special then, denoting the canonical series of
X, by K, the linear series

will be called the residual series. It may be simple or composite, and be base
point free or have base points. In the following section we shall assume that if
the residual series is simple then it is also base point free, we shall justify this
assumption in §3.

2.1. The case k =0, /[ >2. Since W(j, j— 1,1+ 1) = W, is nonspecial, we
proceed to use its degree and dimension to calculate the genus of our curve. We
find that L (il 42 10+ 1

b= Ul + )2(1 +2) _J (2+ )—(j1+1)t.
Since W) = W, — g; is special, for suitable m and u, we have

lg1+--+gl+egm=K

A direct calculation shows that m = (j/ + 2)(r — ¢t — 1). Calculating u is a
little more subtle, we assign to the degree and dimension of W, the variables
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Ay and 6y, respectively. Next, we assign to the degree and dimension of W)
the variables A; and ©,, respectively. We claim that

#=1[8—A]-[80-6]-1.

From the Brill-Noether form of the Riemann-Roch Theorem, m — 2u = A —
20,. Since m = 2p -2 —A; and p = Ay — 6y, our claim follows. Clearly,
Ap — Ay = n, so it remains to compute the value of 6y — ©,. However, this
quantity is exactly the number of conditions that g; imposes on W,. Since
everything is “tight,”? itisequalto (j — D)ir+({+ )(r—=1D)+1=jlr+r-1.
Therefore, since n = (jl+2)r— (I +1),
u=r—1-t
We consider the linear series L, = g; + g/*~! and L, = W, — g;. Since
L+ L, = K, Brill-Noether implies that both series have the same Clifford index,
and we can use this fact to calculate the dimension of L;. Let this quantity be
uy .3 The degree of L, equals 2n— (j — 1)/ — (jl + 1)t — 2, whereas the degree
of L, is A; —n and its dimension equals ©; — §; where 6, is the number of
conditions that g; imposes on W, . We have

2n— (= 1) = (il + 1)t =2 —2u; = [A - 26,] - [n - 26,].
By “tightness”, 6, = (j — 1)(/)r +I(r — 1) + 1 and we find that
Hi =3r—-2t-2.

Remark 2.1.1. If t > 1 then gl is composite, if ¢ > 2 it follows directly from
1.1.4, while if # =1 and g/ % is simple then 1.1.4 implies that it imposes
r — 2 conditions on each of the g;, this in turn implies the existence of j
distinct g}_,,’s each imposing two conditions on g; Vi, this is impossible. If
gh is composite then, by 2.0.6 and 1.1.5, it is compounded of a g}, .2 Which
imposes two conditions on each g;.

Remark 2.1.2. If t = 0, then g/,~! may be simple or composite. If g/~! is
simple, then X, admits a g} which imposes two conditions on each of the g;
and also on g !, by 2.0.6, T > jl+3.If g,! is base point free then 1.1.4
implies the existence of an effective divisor & so that

g = g,’,,‘] +9.
If g/~ has base points and if g/,_!, is the moving part of the series we have
& =g L. +2. From 1.1.20 we see that the divisor & , above, is contained

in a single divisor of g} .

Lemma 2.1.3. Suppose we are in the situation mentioned in 2.1.2 then by The-
orem 1.2.1 there exist divisors 2, and 2, so that

(2.2) Q=g+8 -2 -2
(1) If the relationship between g, and g, is generic, then either 2, = &
or @2 =9.
(i) If the relationship between the two is nongeneric, i.e., (2,,2;) = 9,
then @ = 9, .

2From now on we shall be dealing with the case where all of the previous inequalities in estimates
of the dimension are equalities. We shall refer to this as tightness or sharpness.
30bviously g; + g~ has dimension g, for i=1,...,j.
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Proof. We may suppose that g/—! is fixed point free. Substituting for g; in
(2.2) we find that

©=8 ' +D+8r-21 -2
The dimension of g, + g/~! is u; = 3r — 2. Therefore, there exists a divisor
& sothat g, = g/~ ! + & . It follows that

E=gh+t T -2 - D,

There are two possibilities to consider:

(i) If we are in the generic situation then &, &, and &, cannot all lie in
the same divisor of g} . Let us assume that &, and & lie in distinct divisors
of g}. Adding 2, to both sides of our equivalence relation gives

g+92=[g}—91]+9.

We have equality because the right-hand side has dimension zero. Noting that
2, and 2, lie in distinct divisors of g+, we conclude that & = 2;, and
£-9.

(ii) In the nongeneric situation we may suppose that (&, 2,) = &,, and
that g; — 2, has dimension r — 1 and is fixed point free, as is g — < . Then,
since 9| + 2, has dimension zero,

91+92=g}—g+9.
Since (2, Z) # @, we conclude that £, =2 . O

2.2. Thecase kK = 1. Suppose that n= (jI+1)r—(I+1t). Wo=I[g1+---+gj]
is nonspecial, so that we may use its degree and dimension to calculate the genus
of X, , we find that

U+ DGh, jld+l g,

p= r

2 2
We write the canonical series as

(I-Dg+lg+ - +gl+gmh=K

Let us denote by u; and pu,, respectively, the dimension of g, + g& and
gi+ gh , for 2 < i< j. We may establish the following:
i) m=@r—-t-2)Jl+1)+({-1l.

(i) u=r—t-2.

(i) uy=r+2u.

(iv) mp=r+2pu+1,for 2<i<j.
Note that u; has attained its mimimum possible value and we may apply 1.1.4
and 1.1.5. There are two possibilities to consider if ¢ = 0, and one otherwise.
If t =0 we may be able to renumber our linear series so that g/2 is simple,
this is the case we consider in (a) below. If ¢ = 0 and no such renumbering is
possible or, if ¢ > 1, then g/, /-2 must be composite and we analyse this case
in (b) and 2.2.1.

(a) Suppose that ¢t = 0, and g/, is simple. Noting that n —m = jl+2, we
find that X, possessesa gj;,, so that

-2 1
81=28m "+ &1
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Furthermore, g}, 2 imposes two conditions on each g;.

(b) Suppose that g'~2 is composite. By 1.1.5 it compounded of a g}
imposing two conditions on g; and g "2 = (r—t—-2)g}+ % for some fixed
divisor & . By 2.0.6 T = jl+¢&+ 1 where ¢ > 0. We may write

m=Gl+1+e)(r-2-0)+{U-1)l—-(r-2-1)e,
and so % has degree (j— 1)/ —(r—2—1t)e.
We know that g, = g; + g}, rer1 — 21 — 2 and that the sum of the degrees

of 9, and 2, is jl + 1 +¢. The following lemma will give us some more
information about the degrees of &, and %2, .

Lemma 2.2.1. #, the base locus of g.7'~2, contains either 2, or D, .
Proof. (i) First we remark that gl +.% has dimension 1. This is immediate
if t <r—2, otherwise (r— ¢t —2)g} + % would have dimension greater than
r—t-2. If t =r-2,and g — gk is simple, then consider g + %, it
has dimension r, rewriting it as [g; — g-] + [g} + Z], we see that g} + F
cannot have dimension greater than one, if it did g, +% would have dimension
r—2+4+¢>r where ¢ > 0. If g,—g} issimple we can use a similar argument.

If g =(r—-1)gh+%,and g = (r— 1)g} + &, then we use the fact that
g + % has dimension r. Write g + % = (r —2)g} +[gt + B1+ P . If
g} + % has dimension two or more, then g +% will have dimension at least
2+ 2(r—2) =2r -2, which is a contradiction.

(ii) Let us assume that the relationship between g; and g, is generic. From
the relationship

(-Dgi+llg+8g+ - +gl+(r—t-2)gr+% =K,
we obtain
(I-Dg+lg+g+ - +gl+(r—t-2)gt+%B =K
by interchanging the roles of g; and g,. Equating these two expressions gives
&+ B =g +B.
We use the fact that
Q=8+8-21-Dr=[21-¢11+ D1+ D,

to obtain L
D +Dr+ B =g+ B

%, cannot L contain both 2, and 25, suppose that (2, %) = @. Then,
writing gr =2, + 2, , we obtain
D+ B, =Dr + B

We have equality because g} + %, has dimension one and 2, cannot be
contained in %, . For if it were, we would have %, = F + 2, which would
imply that

D +B=8r+7,

1.e.,

B, =D +F
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which contradicts our assumption that (&, %)) = @. So we have
D+ B =D+ B

which implies that 2, C %, .

(iii) Assume now that the relationship between g; and g, nongeneric. By
assumption g, = g + & — Z - 2, with (Z,2,) = Z,. We want to show
that either (9, %) =9 or (2, %) =2, . The argument is the same as in
the generic case, until we arrive at the relationship

D+ + B = gh+ B,
If (B,2,)=%9,,thenclearly, (%,,2)=2.1f (%,2>)+2D,, then
D+B =D+ B
Since (2, 2,) = @, we must have (%, 2,)=2,. O

Corollary 2.2.2. If we are not dealing with the exceptional case for j = 4, and
there is no reordering of our linear series which allows case (a) to happen, then
g =& +8& —Z -2, for some divisor Z . It follows from 2.2.1 and 1.2.6

that either I C B or ), C B .

2.3. The case k > 2. Suppose that n = (jl—k+2)r—(l+t—1) for some k
with 2<k<j—1 and 0<t<r-1. We saw before that

Wo=(-Dlga+ -+ &l +1[& + gks1 +- + &l
is nonspecial, and that W, = W, — g, is special. The genus p of our curve is
Jl-k+2)(jl-k+1) ghl-1) ‘
r -— —
2 2
The canonical series may be written

(I=Dlg1+-+8l+![ges1 + -+ &l+&m=K

Let us denote by u; and u,, respectively, the dimension of g; + g& and
g+ gh, for k+1<i<j. We may establish the following
i) m=@r—-t-D{Jl-k+2)+ (G —-k)l.
(i) u=r—t-1.
(i) pgy=r+2pu.
(iv) up=r+2u+1.

(Jl-k+ 1)t

Remark 2.3.1. Note that there is nothing to distinguish g; from g; for 1<i<k
as far as the calculation that g; + g4 has dimension r+2u is concerned. Note
also that y, attains its minimum value and so we can apply 1.1.4 and 1.1.5.
In the light of (iv), above, we make the following claim which will be of use in
the case t=0.

Proposition 2.3.2. If g/ and g.! are two fixed point free linear series so that
2g! has dimension 3r—1 and g\ +g/~' has dimension 3r—1, then gi7' € g~.

Proof. Suppose that g/ = g/~!+& for some zero-dimensional divisor & . Add
gl to both sides. If g/ + g/,~! has dimension 3r—1, then & is a fixed divisor
of 2g; . Since g is fixed point free, this is impossible. O
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Corollary 2.3.3. If t = 0 in the situation above and g}, is simple and fixed point
free, thenby 2.3.2 gh =g ¢ gy for 1<i<j-k.
(@) If t=0 and g/! is simple and fixed point free (we briefly discuss the

possibility that g/,!, has fixed points in §3.3) we may apply 1.1.4 to see that
there exists an effective divisor &, so that |Z| has dimension zero and

s=g,'+9.

By 1.1.20 Z is contained in some divisor of g} where g} imposes two
conditions on each of the g;’s and on g/, !. As we remarked above, g; + g,
has dimension 3r—2 for 1 < i < k, and therefore there exist effective divisors
& so that

gi=g'+& forl<i<k.

The following result will eliminate a range of possible models.
Lemma 2.34. If j > 5 and k >3 then g7' cannot be simple.
Proof. We consider the case Kk = 3 < j—1 and j > 5. By the preceding
remark, there exists an effective divisor & so that
a=8'+9.
From 1.2.1
Q=8+8 - -&.

Substituting for g; in the last expression, we find that

Q=8 '+ +81-D - &,

since g, = g.7! + & for some effective divisor & . We deduce, as in 2.1.2,
that 9 = 2, or & =&, . Suppose the former is the case. Arguing in a similar
fashion with g;, there exists an effective divisor &5 so that

s=81+8r -2 -
However, we also have
gG=81+8-P4-@ and gs=g +gr-Ds ;.

Consider our expressions for g, and g4 . We know the divisors 9, , 4, < , &
cannot all be distinct. However, we cannot have either 94y =<2 or @, = 2 ,
either of these would imply that g/! C g4, which is false. So we must have
9, = @, or &, = @,. For argument’s sake let us suppose that the former is
the case. By arguing in the same way with g; and g, we find that &, = &;.
Therefore

g=8+8 -G -G
A similar argument for gs gives

g5 =8 +8r —& -G

Since g4 and gs are distinct, we have a contradiction. If k = j — 1 the
argument given above does not go through but j > 5 implies k > 4 and so we
have g4 = g1+ g+- 2 - @, with @, ¢ {@,, &5} . However g/~! ¢ g; implies
that &, € {&,, @3} which is a contradiction. O

(b) If g,,'~" is composite, there existsa g},_,,,,, imposing two conditions
on g ,and g, ' =(r—t-1)g}_; .., +% where & has degree (j - k)l -
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(r—t—1)e. Clearly, if 1 > 2, then g4 must be composite. However, if =1,
then u=r—2,and g}, could conceivably be simple.

Suppose that ¢ = 1 and that g/, 2 is simple. By 2.3.1 we may apply 1.1.4
to g and g . As a consequence, one finds that there exist two distinct g!_,, ’s
which impose two conditions on g;, which is impossible. Therefore, we con-
clude that g}, is always composite, possibly with base points.Therefore X,
possesses a g},_ k+e42 iMposing two conditions on each of the g;’s. We write

r—t—1 __

Em = (r_t_ l)g}l—k+s+2+‘@’
where # has degree (j — k) — (r —t — 1)e. We have the following

Lemma 2.35. If g, =81 + g},_k ver2 — D — Dk, then & contains either &
or Z.

Proof. The proof is exactly the same as in 2.2.1. O

Corollary 2.3.6. If we are not dealing with the exceptional case for j = 4, then
g =g + 8 -2 -2 for some divisor D . We may combine 2.3.5, 1.2.6,
and the fact that g; + gi=t=! has dimension 3r—2t -2 for 1 <i<k, to find
that 3] .\ DiCH.

Proof. Suppose that & =2 +.% . Then

Q+(r—t-)gh+ B =g+ D1+ (r—-t-1)g}t+&.

However, since g, + Z has dimension* r + 1, the linear series [g; + 2] +
(r—t—1)gl+% has dimension at least 3r — 2¢ — 1, which is a contradiction.
Note that this argument is valid regardless of whether the relationships between
the g;’s are generic or nongeneric. 0O

3. THE MODELS

3.0. In this section, we derive all possible models for the generalised Castel-
nuovo curves discussed in §2. As we noted at the beginning of §1, if X, admits
a single g/, with r > 6, so that 2g; has minimal dimension, then any of the
g, ’s determines a birational map from X, into a rational normal surface scroll
in P’ which will be denoted Y. If X, admits j > 2 g;’s, where r > 6,
&, ..., & satisfying the hypotheses of §2 and if g — g} is composite Vi
then, since the hypotheses of 1.1.19 will be satisfied, we can always map X,
into a scroll in P™*? using &; = g; + g}, then g; — g} will be simple, this fact
will allow us to perform our calculations as simply as possible. The referee has
remarked that instead of moving to P"+2 to perform the calculations one could
note that a consequence of g; — g} being composite is that the image of X,
lies on a singular surface scroll in P, then one can desingularise and work with
the resulting curve.

We give a brief overview of smooth rational normal surface scrolls. Refer-
ences for the following material will be [8, pp. 522-527] and [2, pp. 95-100,
113-123]. A rational normal surface scroll is a ruled surface of minimal degree
in P", whose general hyperplane sections are rational normal curves of degree
r — 1. The Picard group of such a surface Pic Y = (H, L), where H and

4We see this because g + 2 =[g — Dh] + g,‘. ,and 2, imposes only one condition on g .
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L are the classes of a hyperplane and a line (of the ruling) in Y, respectively.
Furthermore, the intersections on Y are given by

(3.1) L-L=0, L-H=1, H-H=r—-1.

These relationships allow us to calculate Ky , the divisor class of the canonical
sheaf on Y. We know that Ky = TH + BL forsome 7 and 8. If C isa
smooth curve lying in Y, then from the adjunction formula, the genus, p(C),
of C is given by

C-C+C-Ky
-

Since the hyperplane sections H , and the line L, are smooth rational curves on
Y we can use this relationship twice to detemine that 7= -2 and f=r-3.
Note that in the special case Y = P?, where H = L, we have the familiar
relationship Kp: = —3L.

Consider a linear series |TH + BL|, suppose that C € |[TH + BL|. If C is
smooth, by combining (3.1) and (3.2) we find that

(33) p0) =Ty - np -1,

If C isof degree n then C-H =n gives f=n—-T(r—1) and C-L=T
shows that C admits a pencil of degree T which imposes two conditions on
hyperplane sections. Therefore, given X, a generalised Castelnuovo curve of
degree n with a gl we can write down the divisor class of ¢(X,) in PicY
immediately itis TH+(n—T(r—1))L. If X, is a generalised Castelnuovo curve
admitting j, j > 2, linear series of the same degree and dimension we denote
its pencil by gr. The linear series g; provides us withamap ¢ : X, —» ¥
where Y is a rational normal surface scroll of degree r—1 in P". By Theorem
1.2.1 for 2 < i < j, there exist divisors &; and &;, imposing one condition
on g sothat g = g + g — D — &, therefore the image of X, under ¢ is
not smooth. We find that

T[T - 1]
2

(3.2) p(C)=1+

m;i(m; — 1)

(34) p< (r 1)+[T—1][n—T(r—1)—1]—zi:T,
where the sum runs over the singularities of ¢(X,) and the m;’s are the mul-
tiplicities of the singularities. Our task will be to find the class of, and the
singularities of, the image of our curve in Y. To do this, we need to know
either the value of T or the multiplicity of one of the singular points on the
image curve. We can usually glean one of these pieces of information from the
residual series gl .Let

fn,r, T)=&T2:H(r—1)+[T—l][n—T(r—1)—1]

it can be verified that f(n+ T,r+2,T)= f(n, r, T) which reflects the fact
that we may work on a surface scroll in P"+2 instead of in P". We now exhibit
the classes of the curves discussed in §2.

3.1. The case Kk = 0, [ > 2. Recall that n = (j/ +2)r — (/ +t) where
0<t<r-1,that

g1+ - +gl+g "' =K,
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where m=n— (j — 1)/ - (jl + 1)t — 2, and that
Ll+21jl+11  jlll+1]
p= r- -
2 2
We discuss the following three cases:
(@) t=0 and g! simple.
(b) t=0 and g ! composite.
(c) t>1 and gl '~! composite.
The calculations involved in this section and the following ones are tedious but
elementary, we will provide the motivation behind each one and then present

the result.
(a) Suppose that g’~! is simple and fixed point free, by 1.1.4

Gl + 1)t.

a=8g'+2
for some effective divisor < . Furthermore, by 2.1.3,
gi=8+8-2-9.
Since
lgi+-+gl+egn' =K,

and gl imposes two conditions upon each of the g; and also upon g/ !,
T > jl+3, by 2.0.6. We shall see that j/ + 3 is the only possible value for
T . For the time being all we know is that

¢(Xp) € |TH +[n—T(r-1)]L|

for some T. X, admits a unique g} which imposes two conditions upon g,
and therefore, upon g; for 2<i < j. From (3.4), p < f(T), where

T[T - 1]

A1) = 25— =) +[T = 1lln—T(r—1)- 1]
TN 1)1—2]2[T—(j— 1) - 3]
_ W=D+ - DI+ 1]

2

We note that f(7) is quadratic in 7 and that the coefficient of T2 is
—(r + j — 2)/2, which is negative, therefore f(7) has attains its maximum
value at some 7. We find that

(2jl+5)r+(2j2-4))+5j-8

T= 2r+2j—4

Since )

jl+3-T| <1,
f(jl + 3) is the maximum value of f(T) for T € Z. A futher calculation
shows that f(j/+3)=p.

Now we must investigate the possibility that g/ has fixed points. We recall
Accola’s lower bound on the dimension of the linear series

Wo=1g + - +1lgn
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where each g, is simple and r; > r, if i <k then W, has dimension at least

i (s
\P(r,,...,r,-;ll,...,1,~)=Z(l')(1'2+1) (1)(1‘ Zlekrk

k i<k

Now suppose that g/! = gL + %0 where ¢ > 1, and g, 8 is fixed point
free then we have
l[gl +"'+gj]+gm e+9—0

Using Accola’s estimate one can show that the series W = I[g;+-- -+ g]+ g
has dimension at least p—1. Since ¢ > 1 W has degree strictly less than 2p—2
and we have a contradiction, therefore if g/! is s1mple it can contain no fixed
points.

Therefore the only possible model for ¢(X,) C Y when g/! is simple, is
one which admits a g! 143> and which has j — 1 singular points of multiplicity
!+ 1, and one smgular point of multiplicity (j — 1)/ + 2. The class of such a
curve in Pic Y is jI+31H+[(Jj-1)+3-r]L.

(b) Let us suppose that g/~! is composite. Since m = (r — 1)(jl + 2),
we deduce, from 1.1.5, that T = j/ +2. Thus, the class of ¢(X,) in Pic Y is
[jl +2]H + [(j — 1)] + 2]L. Apart from one case when j = 4, we have seen
in §1 that if i > 2 there exist divisors & and Z;, of degree x and T — x
respectively, each lying in some divisor of g]!, 42> SO that g = g + g}, 2
2 — ;. Our aim now is to calculate all possible values of x. We shall
consider the exceptional case for j = 4 later. We have the inequality, p <
[l + 21 + 11r/2 + f(x) where

£y =+ 101G - 1t + 1y - LAV
l+2-x]jl+1-x] x[x-1]
-(-1 . -2

The coefficient of x2 in f(x) is —j/2 so f(x) has a maximum at some

point X . We find that

. (272 =-2)1+3j-2
X = - .
2j
Since
G- DI+1-%|<1/2,
f(x), for xeZ, attains its maximum value at x = (j — 1)/ + 1. To finish off

one shows that
SfUl=1+1)=-[l+ 1]/2.

Thus,
p<fUl=1+ D)+ [jl+2][jl+1]r/2=p,

and we have exhibited a model for X, in P” whose class in Pic Y is
[l +2]H +[(j — 1) + 2]L. The model possesses j singular points, j — I
of multiplicity / + 1, and one of multiplicity j/—/+1.

The exceptional case j = 4. In this case there exist divisors 9 , €, and
&, all of degree 2/ + 1, and all lying in different divisors of g4, +2» SO that

g2—gl+gj1+2 -9-&,8 = gl+g,1+2 -9-, andg‘t—gl"‘gﬂ.,.z -&-F.
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The existence of such a model for X, is easily verifiable directly from (3.4).
The class of ¢(X,) in Pic Y is (4/+2)H + (3/+2)L, and the curve has three
singularities of multiplicity 2/ + 1, no two of which are contained in the same
line of the rulingon Y .

(c) Now we must consider possible models for the case n = (jl + 2)r —
(I+¢t) where 1 <t<r-1. By 1.1.5, since g, ‘~! is composite and m =
(r—t—1)(jl +2), there exists a g}, +2 Which imposes two conditions on each
gi . All we have to do is to produce the correct singularities and we are done.
The calculations go ahead as before. The only model is one whose image in
P’ has class (jl +2)H + (jl =1 —t+ 2)L in Pic Y, and which possesses j
singular points, j — 1 of which have multiplicity / + 1, and one of which has
multiplicity (j—1)/+1. If ¢t =r—1 then we do not get any information about
the g} from gk, , however from 2.0.6 we see that T > j/+2 and T > jl +2
will be excluded by arguing as in 3.2.1 below.

Similarly, in the exceptional case when j = 4, we obtain a curve whose class
in Pic Y is (4/ +2)H + (3] + 2 — t)L with three singularities of multiplicity
20+1.

3.2. The case k = 1. In this case we have n = (j/ + 1)r — (I +t), where
0<t<r-2. Wewrite K, the canonical series as

[[-1g +Ilg+ - +gl+e, " ? =K,
where m =n — (jl +2) — jlt, and
o= LA+ 1] DAL+ 1] .
2 2
We consider the following three cases:

(@) t=0, g,% is simple.

(b) t=0, g, 2 is composite, and g5, > = (r - 2)g};,,,, + & , where &
is the fixed point set of g/~2. % has degree (j — 1)/ —¢&(r—2). We
shall show that ¢ = 0 is the only possibility.

() t>1,and g2 "= (r-2- t)g}IJrHl +% , where % is the fixed point
set of g/=27!. B has degree (j — 1)/ — (r —t — 2)e. We shall show
that ¢ = 0 is the only possibility.

(a) If g/—2 is fixed point free then there exists a g}, +2 Sothat g = g2+
g}, +2- Suppose that we are not in the exceptional case. There exists a divisor
D ,sothatfor 2<i<j, gi=g +g},+2—9—9,-. Let & have degree x.
From (3.4), p < (jl+ 1)(jl)r/2 + f(x), where

. . i+ 2]l +1 -1
f) = Uit + 11 - 14 1) - AU IL e 1)

. T
_(j_l)[]l+2 x]2[11+ x]’

We note, as before, that f(x) is quadratic in x with negative x2 coefficient,
its maximum is attained at

%= ((2j% = 2j)l +3j - 2)/2j.

Since

G-DI+1-%=12-))/2jl <1/2,
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f(x) attains its maximum value over the integers at (j —1)/+1. A calculation
shows that

fUL=1+1)=-[jN[l+ 1]/2.

p< [11+21][Jl]r_ [11][12+ n_,
and so we have exhibited a model for X,, whose image in P" has class
(jl+2)H+ (jl+2—-1-r)L in Pic Y . Our model has j — 1 singularities of
multiplicity / + 1, and one singular point of multiplicity j/ —/+1.

If g/-2? has base points then X, admits a g}, +2+¢ Where ¢ > 1. One can
show using the same argument as the one given above that no such model exists.

The exceptional case j = 4.If j = 4 then it is possible that there are divisors
2, &,and F ,eachof degree 2/+1 sothat g =g+ 8}, -2 -&, g3=
81+84,,—D—-F, and g4 = g1+ &,;,,—& —F . Once again, it can be verified
directly from (3.4) that there is such a model. Therefore, if j = 4 and g,’,:?,_z
is simple, we can exhibit a model for X, which has class (4/+2)H+(3/+2-r)L
in Pic Y, and three singularities of multiplicity 2/ + 1.

(b) gr?=(r—2)g}, .4+, where Z is the fixed point set of g, 2. &
has degree (j — 1)/ —¢(r — 2). First, let us suppose that e =0.

If j # 4, there exists a divisor & of degree x, which lies in some divisor
of g}, sothat, for 2<i<j, g =g +gj, —<Z —2 From (3.4)

p<(UDUL+Dr/2+ f(x),

Therefore,

where

fu)=UnULJy_Qﬁ%ﬂﬂl_u_lﬂﬂ+l—;ﬁﬂ—xl_hﬂz—ﬂ‘

f(x) is quadratic in x with negative leading coefficient. It assumes its maxi-
mum value at

F=(G-Dl+1
which implies that f(j/—/) and f(j/—[+1) are the maximum values of f(x)
when x is restricted to the integers. One shows that

fUL=D = fl=1+1) =[] +1]/2.
Thus,

p< [Jl+21][11]r_ [11][12+ n_,

and so we have two distinct models for X,. Both have class (j/ + 1)H +
(jl-=1+ 1)L in Pic Y, however, one has j — 1 singular points of multiplicity
! and one singular point of multiplicity (j — 1)/ + 1, while the other has j -1
singular points of multiplicity / + 1, and one singular point of multiplicity
(J-Dl.

(c) If t > 1, then g/ "2 is composite and is compounded of a g}, et
(from 2.0.6 T > jl+1), and

oo UL+ UGN, U+,

2 2

If we assume that ¢ = 0, then the calculation in (b) above shows that there exist
two models for X, , both models for X, have class (j/+ 1)H+(jl-I+1-1¢)L
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in Pic Y, one has j — 1 singularities of multiplicity / and one singular point
of multiplicity (j — 1)/ + 1, the other has j — 1 singular points of multiplicity
[ + 1 and one singular point of multiplicity (j — 1)/.

Lemma 3.2.1. The models derived in (b) and (c) are the only possible ones for
Xy, ie, if K—[(I-1)g1+ (g + -+ gj)] is composite, then there exist no
models for X, admitting a g}, +e+1 Which imposes two conditions on each g;
with ¢ > 1.

Proof.

Part 1. Suppose that n = (jl+1)r—1, that ¢ > 1, and that we are not in the
exceptional case for j = 4. Then for some divisor & , of degree x, contained
in a divisor of g}, tes; Wehave g =g+ g}, +er1 — 2 — D, and the inequality
D < fi(x, &), where

[l +e+ 1]l +¢]

Sfi(x, €)= > (r=D+[l+elljl -1 —e(r-1)]
_(j_l)[jl+8+l—;][jl+s—x] 3 [x][xz— 1].

fi(x, &) attains its maximum value, as a function of x, at
J-DQ2jl+2+1)+1 . 1 ¢
27 =(j 1)1+¢a+2 7
From (2.2.2), either ¥ C # or Z{=292,~ C #. Since # has degree
(j = 1)l = (r — 2)e, and the degree of 2; is jl+¢+ 1 — x, we have
x<xo=@UJ-DI-(r-2¢ ifDcH,

X =

or

J
x2xy=(-Di+e+1 if Y ZicH.

i=2
Note that these two values of x are, respectively, greater than and less than X .
Therefore, if we can show that fi(xp, &) and fi(x;, ¢) are both less than p
when ¢ > 1, our proof will be complete. By observing that xq < j/ —/, and
that j/—1I+¢ < x; we can solve the problem by showing that f,(jl/—/, ¢) and
Hi(l=1+¢&+1,¢) are both less than p.

Omitting the details, one finds that

p— '_ 2 .
fl(jl—l,e)=p_8(82 l)r_(J 2)28 + je

and .
fiGl-l+e+1,e)=p— 8(82_ )
Clearly if ¢ > 1 both quantities are smaller than p.

Part 2. Finally, we must consider the case n = (j/ + 1)r — (/ + t), where
1 <t <r-2. Recall that we have

r—e.

(I-Dg1+lg+--+gl+(r—t-2)8). +& =K,

where # has degree (j — 1)/ — (r — 2 — t)e. We shall show that there is no
model for X, if ¢ > 1. Unless we are in the exceptional case for j = 4, there
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exists a divisor & of degree x, lying in some divisor of g}, +e41» SO that for
2<i<j

8i = &1 + g}1+5+] _9 —9,'.
As above, p < fo(x, ¢), where

fe, &) = LR WIRE ) 4 (e — 1t - er - 1) - 1)

_ [x][);— 1] (- 1)[jl+t-:+1—;c][jl+e—x]

= fi(x, &) = (jl +é)t.
As a function of x the left-hand side attains its maximum value at
Xx=0(-1Dl+e+1/2-¢/j.
However, since either & C & or Y} 9; C %, by 2.1.4, either
x<xo={G-Dl-(r—t-2)e

or
G=1)Gl+e+1-x)< (- Dl=(r—t=-2e.

The second inequality implies that
x>xi=(G-Dl+e+1+6
where 6 > 0. Once again, since
X< (-DI<x<(-Di+1+e<x

it is enough to show that f,(jl—/,¢e) <p and fo(jl-I+1+¢,¢) <p. We
know from our earlier calculations with fi(x, &) that both of these inequalities
hold.

The exceptional case j = 4. X, admits a g},,,., imposing two conditions
oneach g; and % has degree 3/—(r—t—2)e. Suppose that there exist divisors
., &, and &, all of the same degree d > 2/, so that g, = g; + g41,+8+, -
D-&, 83 =81+ 8ijyep1 — D -F, and ga=g +8&},,,, —& - F . Since
& + g.7""% has dimension 3r —2¢—3, for 2 <i <4, we see by Lemma 2.2.1
that two of {Z, &, #} lie in & . However, by counting degrees we find that
this is impossible, and we conclude that there is no model for X,. O

3.3. The case kK > 2. We have j linear series of dimension r and degree
n. We have seen before that n = (jl—k +2)r— (I +t— 1), where k € Z,
2<k<j-1,and, 0<t<r-—1. Then, we can write
(=-Digi+-+&l+ g+ +gl+g " =K,
where m=n—-(k-1)({ -1)-(jl-k+1)t-2 and
l-k+2)jl-k+1] [JOU-1]
b= 2 T T

Gl —k + 1)t.

Aside from the exceptional case, which we shall discuss on an ad hoc basis, the
following are the possibilities:
(a) t=0 and g, ! is simple, with X, admittinga g} which imposes two
conditions on each g; and g/ !.
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(b) t=0 and g;' is composite and equal to (r—1)g;_,,, +%F , where
& has dimension zero and degree (j — k)/ — (r — 1)e. We shall see in
this section that ¢ = 0 is the only permissible value for &¢. Note that
g},_ k+e+2 imposes two conditions on each g;.

(c) t>1and g =(r-t- 1)8i_ks24e & , where Z has degree
(j— k) — (r—t—-1)e. We shall see, as in (b), that ¢ = 0 is the only
case which can occur.

(a) First suppose that g/—! is simple and fixed point free. Recall, from
2.3.4,if j>5 and k >3, then g/;! cannot be simple. Suppose that j > 3,
k=2 and X, admits a g} . Then there exists a divisor 2, of degree [+ 1,
sothat gy =gi' + 2, and g, = g1 + g} — D — 2,. From 2.3.4 we see that
for 3<i<j

g=8+8-9-9.
From (3.4) p < f(T), where

_ T -1]

[N =——0-D+[T-1n-T(r-1)-1]
g+ [T-1-1[T-1-2]
—U=DF5 - 2 ‘

f(T) assumes its maximum value at
T = (2jl + )r +2/2r.

We note that

Jl+1=TI =15 -4 <}
and conclude that f(7) attains its maximum over the integers at j/ + 1. A
computation verifies that f(j/ + 1) = p and we have a model for X, in P,
whose classin Pic Y is (j/+1)H+(jl—I—r+2)L. Our model has j—1 singular
points of multiplicity / + 1, and one singular point of multiplicity j/ —/.

The exceptional case j = 4. Suppose that there are three divisors, &, &,
and % , all of the same degree, each lying in a different divisor of g}, so that
Q=81+8-9-&, ;3=21+8-2-F, andgs=g1+g-&-F . If
k = 2, then as we saw above, one of the divisors & or &, has degree [+ 1.
But then, 7 =2/ +2 < 4/ + 1, so this case cannot arise.

If K =3, then & has degree 2/. Then, T = 4/ and our usual calculation
exhibits a model for X, whose image in P" has class 4/H + (3/ —r + 1)L in
Pic Y which possesses three singular points of multiplicity 2/.

Now we briefly mention the case where the residual series, although simple,

possesses fixed points. Suppose that

(- Dlgi+ -+ gl + g+ + 81+ gt =K,

r—1

where g.: = g7' + %° where ¢ > 1 and g/! is simple and fixed point
free. One can show using Accola’s arguments that, for k + 1 < i < j, the
series g; + g, ! has dimension 3r — 1, therefore 2.3.3 and 2.2.4 apply and a
repitition of the calculations given above show that no such model can exist if
e>1.

(b) Let us suppose that ¢ = 0. Leaving aside for one moment the com-
plications involved if j = 4, we know of the existence of a divisor & of
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degree x which imposes one condition on g; so that, for 2 < i < j, g =
81+ 8} 12— 9 — 9. From (3.4), p < f(x, &) where

Flx, €)= [jl_k+2]2[ﬂ_k+1](r—1)+[jl—k+1][jl—l—k+2]

=Dl =k+2-x]jl-k+1-x] [x]lx-1]
2 2 ’

f(x, &) attains its maximum value at
_-DR2jI-2k+3)+1
= % =

j—-2k+2

U=Dl-k+2-"—

=

Since 2<k<j—-1,
jl—=k—-1+2-x|=1|(-2k+2)/2j] < 1/2.

Therefore, f(x,¢) restricted to the integers attains its maximum value at
(j— 1)l —k +2, one can verify that f(jl—/—k+2) = p. Thus, we can exhibit
a model for X, whose image in P’ has class [j/ —k+2)H +[jl -] -k +3]L
in Pic Y. The image of the curve in P” has j singular points, j — 1 of which
have multiplicity /, and one of which has multiplicity (j — 1)/ -k +2.

The exceptional case j =4. If k =3, and ¢ =0, then j/ —k + 2 is not
divisible by 2, and so the situation in (b) is the only possible one. However, if
k =2 then we can exhibit a model for X, whose image in P" has class 4/H +
(3/ + 1)L in Pic Y and which possesses three singular points of multiplicity
21.

(c) Finally, we consider the case n = (jl — k + 2)r — (I +t — 1) where
1 <t<r-1. In this case

(=-Digi+-+ &)+ g+ -+ &1+ —t=1)g) gy, +F =K

If we assume that ¢ = 0, the calculations performed in (b) show that there
is a model for X, and we do not repeat them here. The class of the image of
X, inPic Y is (jl—k+2)H+ (jl —k — [+ 3 —t)L. The singularities of the
image of X, in P" are the same as those exhibited in (b), namely j — 1 of
multiplicity /, and one of multiplicity (j — 1)/ —k + 2.

Lemma 3.3.1. If K—[(/ — 1)(g1 + -+ &) + [(8k+1 + - -- + &;)] is composite,
then the models derived above are the only possible ones for X, , i.e., there exist
no models for X, admitting a g},_ k+2+¢ Which imposes two conditions on each
g with e>1.

Proof. We shall argue in exactly the same fashion as before. Let us suppose
that we are in the nonexceptional case, then there exists a divisor & , of degree
X, so that g; = g + g},_k+e+2 -9 -9;, 2<i<j. We have the inequality
p < f(x, €), where

flx, €)= [jl—k+s+2]2[jl—k+s+1](r_l)+[j1_k+£+]]

G-k +2r—(+t=1)—(il—k+e+2)(r=1)—1]

Ul-k+e+2-x]jl-k+e+1-x] [x][x-1]
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We find that f(x, €¢) achieves its maximum value, as a function of x, at

(J-1DQ2jl-2k+2e+3)+1

X = 2]

. k 1 e+1
=(-Nl-k+e+2+—--5—-———.
-1 T3
Let xo=(j—1)/—k+¢e+2. Since ¢ >1 and 2 <k < j, which implies that
|k/j—1/2| < 1/2, we may conclude that X < xo+ 1/2.
Because k > 2, we know from 2.3.6 that ) i_, . Di ¢ #, where & has
degree (j — k)l — (r — t — 1)e, therefore

G-k)(l-k+e+2-x)<(-k)-(r—t-1)e.

The last inequality implies that x > (j— 1)/ -k +e+24+d =xo+J > [X],
since & > 0. There are two cases to consider:
(i) If 1 <t <r-1, it will be enough to show that f(xp, &) <p, Ve>1.
(ii) If ¢ =0 it will be enough to show that f(xo+1,&)<p, Ve>1.

One finds that

() S, 00 =p - o r e,

(i) fxo+1,€)=p — (j — k) - L1
which completes our analysis of the nonexceptional cases.

The exceptional case j = 4. If a model exists and X, possesses a g),_, te42?
then we know immediately that X, must have divisors &, &, and & all of
the same degree, and lying in different divisors of g‘},_k +e42 SO that g = g1 +
g}l—k+e+2_9—g » 83 = gl+gil—k+e+2‘9_y , and g4 = gl+g}1—k+e+2_g_y :
If k=2,then ¢ =2p and ¥ C & (Since g + g has dimension 3r—2¢-2,
neither 2 nor & can be contained in % ) where % is the fixed divisor of
the residual series. However, & has degree 2/ — (r —t — 1)¢, while &, &,
and # all have degree 2/ + p, which is a contradiction. If k = 3, then one
of &, F iscontained in & , which has degree less than /. Counting degrees
leads to a contradiction. O

r—e,

4. THE PLANE MODELS

We choose (generic) points {x;, ..., X,—2} on X, so that no two points lie
in the same divisor of g}.. Then consider the series

gr%—r+2 =g —[xi++x-2].

Since g; is complete, we observe that gj_, 4+, 1s also complete and setting
d = n-r+2, g provides us with a plane model, %; C P? for X, via
the map n: X, — %; where 7 is the birational map composed of a series of
projections through the points x;, ..., x,—». We note that %; has at least
r — 2 singularities of multiplicity 7 — 1, since each time we project through Xx;
the T — 1 other points in the divisor of g} are mapped to one point in P2,
Since g} imposes two conditions on g, it imposes two conditions on gj , 1.e.,
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g =gr+8 1.

which indicates the existence of a singular point of multiplicity d — T on %.
All of the models possessing a g} in P’ which we exhibited in §3 are trans-
formed into plane models of degree d . These plane models possess, in addition
to the singular points exhibited in §3, r—2 singular points of multiplicity 7—1
and one singular point of multiplicity d — T. Let R;,..., R,_; be the r—2
singular points on C,; of multiplicity 7 — 1, let Q be the singular point of
multiplicity d — T on C,;, let D =n(2) and D; = n(Z;) where & and Z;
are as in §3.

In general then, the plane model for a generalized Castelnuovo curve has
degree d = n—r—2 and j+ r — 2 singular points®. We note that we can
eliminate r — 2, (if r is even) or, r — 3 (if r is odd), of the singular points by
performing a succession of quadratic transformations centered at Q and two
of the R;’s.

These quadratic transformations will only eliminate the singularities at the
R;’s if they are in general position. If this is the case, and we assume that r
is even, and that j = 2, then we arrive at the same model by subtracting off
(r —2)/2 multiples of g} from g;. Then, we are left with a gj , which has
three singularities, Q which is of multiplicity d— 7, P which is of multiplicity
s and D; which is of multiplicity 7T —s. Such a model may be constructed
by taking a homogeneous polynomial F(X, Y, Z) of degree d in P? and
requiring the requisite singular points to be at the points [1, 0, 0], [0, 1, 0],
and [0, 0, 1].

If the R; are in general position, and if we assume that r is odd and that
J =2, then we arrive at a model by subtracting off (r —3)/2 multiples of g}
from g, to obtain gj, . If we subtract off one more point, say x, then we
have a gj which has four singular points, Q which has multiplicity d — T, P
which has multiplicity s, D; which has multiplicity 7 —s and R which has
multiplicity 7 — 1. If we take a quadratic transformation centered at Q, P
and R then, since Q has degree d —T and R has degree T — 1, the singularity
formerly at P will vanish. Now we can construct the curve in P2 as before.

For j > 3 linear series the existence of plane models for generalised Castel-
nuovo curves is not quite so clear, since, in general it will involve constructing
a plane model of degree 4 with j singular points. We shall not discuss this
problem any further except to note that there are (unique) models for all of the
Riemann surfaces discussed in §5.

4.1. A summary of the models. Tables 4.1.1-4.1.4 summarise the classification
of models for generalised Castelnuovo curves performed in §3. Our notation
is as follows: u is the dimension of the residual linear series, T is the degree
of the g} ,and S is the multiplicity of the largest singular point on the image
curve in projective space. There are j — 1 other singular points of multiplicity
T — S (apart from the exceptional case j = 4 when there are three singular
points of multiplicity 7°/2).

5 Except when j = 4 and there are r — 2 + 3 singular points.
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TABLE 4.1.1
Case k=0: n=0l+2r-(+1),1>2
u T S
r—t—1 Jl+2 (G-DI+1
r—1%* jl+3 (J-DI+2
*(Residual simple.)
TABLE 4.1.2
Case k=1: n=0Gl+1)r—(I+1)
u T S
r—t-2 Jjl+1 (-l
r—t—2 Jjl+1 G-DI+1
r—2% jl+2 G-DI+1
*(Residual simple.)
TABLE 4.1.3
Thecase k>2 & j>5: n=((l-k+2)r—(I+t-1)
Value of k u T S
2 r—1* Jjl+1 (-1l
>2 r—t—1 Jjl—k+2 G-DI-k+2
*(Residual simple.)
TABLE 4.1.4
The exceptional case j =4
Value of k m T S
0 r—t—1 41+ 2 21+1
1 r—t—1 4/ +2 20+1
2 r—2%* 4] 21
3 r—1* 4] 21
*(Residual simple.)
5

5.0. In this section we deal with equality in a Castelnuovo inequality when we
have two linear series of different degrees, but of the same dimension. There
are two natural questions to be asked here. The first one is, given a complete
g, on a Riemann surface X,, then p has a maximum value p;, when does
the existence of a second linear series call it 4;,, depress p below the value
p1? The second question which we might pose is, given that X, admits a
second linear series Ay, ,, and supposing that p attains its maximum value
under these circumstances, are there models of such curves, and if there are,
are they unique?

We give a partial answer to the first question. Suppose that X, admits a g
and that p attains the maximum value allowed by the Castelnuovo inequality
for one g;. Let K denote the canonical series on X,. We recall that if
n=(I+2r—(I+t),where 1<t<r-—1,then

—i-1 _
lgn+ &, 1y =K

X, admits a g11+8 ., Where ¢ = 0 or 1 by 2.0.6. The presence of the linear

series b, . =g+ 8l,,,— P —&,where # and & are two generic points

of X, clearly does not depress the genus below the Castelnuovo lower bound.




GENERALISED CASTELNUOVO INEQUALITIES 255

In the following sections we construct the answer to the second question and
complete the answer to the first question posed above. In the remainder of this
section we establish some notation and indicate the nature of our argument.

Let ¥(a, B) equal the dimension of ag; + Bh;,,. 6 An elementary calcu-
lation shows that

Y(a, B) = (a+/3+21)(a+/3)r_ (a+ﬂ)(0£+ﬂ— 1) tap.
Let A(a, B) denote the degree of agy + Bh;,,. We note that A(a, f) =
(a+ B)n+ Bp, and that

Y(a-1,8+1)=¥(a, B)+[a—p—-1] and A(a-1, +1)=A(a, B)+p,
and
Y(a+1, p-1)=Y(e, f)+[f—a—-1] and A(a+1,B-1)=A(c, B)—p.

If agh+Bh;, +p 18 nonspecial, then the quantity A(a, g)—"¥(a, B) corresponds
to the genus of the curve X, assuming of course that agy + Bh;,, is complete.

Suppose that ag) + ﬂh,’,+p is nonspecial and has minimal dimension, let
pla, B) = ¥(a, B) — A(a, B). Then p(a, B) is a quadratic function of a if
we regard o+ B as a fixed quantity. To locate the minimum value of p(a, B)
— which will correspond to the genus of our curve — we only have to find the
value of a so that

pla+1l,B-1)2p(a, B)<pla—-1,B+1).

Note that
pla—1,B+1)=pa, B)+[p+B-a+l],

and that
pla+l,B-1)=p(a, B)+[a-B-p+1]

Once we know that ag, + Bhy,, is nonspecial, and we have calculated the
upper bound on p, we get down to the task of establishing whether or not there
is a model corresponding to X, . As mentioned beforehand, the key to finding a
model lies in producing a suitable g, and two divisorson X,, 9| and 2,,
so that

hl‘

n+p

=gn+8r—-2 -
We shall have
(a—1)gn+Bhy,, +8m =K or agy+(B—Dhy,+8m=K,

and we can extract some information about g}, or about 2, and 2;, from
the residual series g),. Specifically, g4 will yield either the value of T, or
it will give us a bound on the degree of &;. Once we have this information,
we turn to a quadratic polynomial in two variables, f(x, ¢), to finish the job.
Typically x will be the degree of &, and T will be a function of ¢. f(x, &)
will have negative x2 and &2 coefficents, and we show the maximum value of
f(x, ¢) is equal to p, in which case we have a model, or less than p in which
case there is no model.

6 We always assume that we can calculate this dimension by Accola’s formula. Of course
we are, at the same time, making a tacit assumption about n, a, B, p, and r, namely, that
n+p>ar+ B(r—1)+ 1. These are precisely the conditions that must hold for Accola’s count to
be valid.
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5.1. Let n=(/+2)r—(/+1t). Suppose that X, , our curve, admits two linear
series of the same dimension but of different degrees, g, and h;, ,. Following
on our work in §2 we consider the following two possibilities for 7 :

Case A: n= Q2+ 2)r—(lp+t), lp>2,where 0<ty<r—1.

Case B: n= (2lg+ 1)r — (lo + to) , where 0 <ty <r-—2.
The two possibilities for n may be described by n = (2ly+ 1 +d4)r — (I + to) .
Where 0<ty<r—2+d,4,and d, =1 if we are in Case A and 0 if we are in
Case B.

If X, admits two linear series of dimension r and degree n, and p attains
its maximum value in the Castelnuovo inequality arising from these linear series,
then from §2 with j =2,

(o + 34— 1)gh + lohly + g H* ™) = K.

Let the genus of X, in this case be denoted by p, . Given a curve X, admitting
two linear series of the same dimension but of different degrees, g; and A}, ,,
where p, < p < p;, let K denote the canonical series for X, , then we seek
integers y, and 7, such that

o+ 71gn + o —thy, + 8m =K

for some u and m.
There are four distinct cases to consider in both Case A and Case B they are
the following:
(i) p=2v and v=A2r—-1)+t —A,where 0<A<r-1.
(i) p=2v and v =A(2r—1)+ty— A, where r<A<2r-2.
(i) p=2v+1 and v=A2r—1)+ty— A, where r<A<2r-2.
(iv) p=2v+1and v=A2r—1)+ty—A,where 0<A<r-1.
We shall indicate the argument for (i) in Case A. Afterwards, we tabulate the
results for the other seven cases.
Case (i). X, admits a simple g; and h]_, where
n=_2lh+2)r—(lh+t), withv=A2r-1)+t-A,for0<A<r-1.
1. Calculating p . First, we calculate the Clifford index of [l + v + A]g), +
[lo—v+A)A, Let a =lp+A+v,and B =ly+A—v. Wedenote by C(a, B)

n+2v*

the Clifford index of agy + Bh;,,. We find that
Cla, B)=(a+B)(r—A-1).

In the case under consideration, (2o + 24)(r — A — 1) is nonnegative. So we do
not yet have an estimate for p. Next, we seek C(a + 1, #). One can derive
the formulae

Cla+1,8)-Cla, B)=n— (2a+28+2)r +2a

and

Cla,p+1)-Cla,B)=n+p—-Q2a+2p+2)r+28.
Using the first result we find that
Cla+1,B8)=-QRlb+22+1)A-(h+4i-v)
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which is negative, therefore the linear series Wy = (a + 1)g; + Bh;,,,, is non-
special. Therefore, we may use its dimension and degree to calculate the genus
of our curve’. The degree of W, is (a+ B+ 1)n+ 2v B, while the dimension
is (a+B+1)(a+p+2)r/2—(a+ B+ 1)(a+B)/2+ (a+1)B. We find that
2)(2l - 24 +1
p=(2lo+2).+ )2(10 + )r+/12_10(10+1)
—v(v=2lp-2A-1)= (2lp+ 24+ 1)to.

Thus, for suitable x4, and m we have

Uo+v+Algn+lo—v+Alh,,, +8n=K

2. The residual series. As before, we calculate u, the dimension of the
residual series from the formula u = n — 6y — 1, where 6, is the number of
conditions that g imposes on W, . By sharpness, 6y = (2l + 24+ 1)r — (lp +
A+v+1)+1,wefindthat u=r—A-1.Since 0<A<r-1,0<u<r-1.
A calculation shows that

m= (2l +24+2)(r—A-1).

Next, we calculate the dimension, u;, of g/ + g, . Using the formula derived
in §2, uy =n+p—06,, where 6, is the number of conditions that g; imposes
upon K — g&. Since everything is sharp in the formula for the dimension of
the preceding linear series, we find that 6, = (2lp + 2A)r — (lp + A+ v) + 1.
Substituting this value, and the expression for 7, into our formula for u; we
find that

(5.1) uy=r+2pu.

Finally, we compute the dimension, u;, of A}, +gn . Itequals n+u+2v -0,
where 6, is the number of conditions that 4] , imposes upon K — gi . By
sharpness, 0, = (2ly + 2A)r — (I + A — v) + 1, which gives

(5.2) U =r+2u.

3. The models. From 1.1.4 we see that if 4 <r—3 then g/ is composite,
if u=r—2 or u=r—1 then g}, may be composite or simple. We investigate
all of the possible cases below.

(a) Suppose that gl is composite. Then, g~ is composed of a g2‘,0 +2142
which imposes two conditions on g . From 1.2.1

r — ol 1
hpi2 = 8n + 82g+244+2 — 9, -9,

where 9, + 2, has degree 2/y + 24 —2v + 2. Since g has no fixed points,
one of &, and 2, must have degree at least /y+ 41— v + 1. Making use of our
results from §3 we use g; to provide amap ¢ : X, — Y where Y is a rational
normal surface scroll in P". Recall that if C € |TH + BL| is smooth then

_T[T-1)(r-1)
=— —

p(C) +[T - 1] - 1].

In the situation under consideration, the image of X, under ¢ will not be
smooth since both &, and <, impose one condition on g;. Let x be the

T pla+2,f-1)=pla, B)+[2v —2v +2] and p(a, B+ 1) =p(a, B) +[2v - 2v]
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degree of <. Then we have p < f(x) where

Flx) = (2l + 24+ 2)2(210 + 24+ 1)(r_ )
+ 2 +2A+1)(n—- 2 +24+2)(r-1)-1)
x(x—=1) Rl +2A+2-2v —x)2l+2A+1-2v —Xx)
2 2 ’

f(x) attains its maximum at X = [y + A — v + 1. Evaluating, one finds that
f(X) = p. We see, therefore, that &, and 2, have the same degree. A plane
model for X, can now be produced by projecting into P2 and the resulting
curve (possibly after some quadratic tranformations, cf. §4) will have three
ordinary singular points.

(b) We see from (5.1) and (5.2) that g, cannot be simple if u=r—2, if
it were, then X, would admita g,_, anda g! , _, , both of which impose
two conditions on gj, which is impossible.

(c)If u=r—1,and gp is simple, then X, admits a g, ..., There
exists a divisor & of degree n — m imposing one condition on g, so that
g =g +9. Since u; = 3r—2, we can deduce by the same argument as we
used in 2.1.3 that h},, =g+ 8+-2 -2,. Now, n—-m=L+A-v+2
and so, p < f(€), where f(¢) is the usual quadratic expression (cf. (3.4)). In
this case f(¢) simplifies out to

We conclude that if ¢ = 1, there is a model for X, in P" admitting a g2110+2/1+3’
and possessing two singular points of multiplicity [y+A+v+2 and lh+A-v+1.
This concludes our analysis of the the first case.

5.2. The calculations performed in the first case are typical of the ones for the
other cases. The only subtlety required is when we have to deal with the cases
u=r—1or u=r—2,and the residual series may be simple or composite.
In every case X, admits a model where gj, is composite. When gj, is simple
there may not be a model. In these cases, calculating u, (the dimension of
hpypt+ gh) is usually the key to deciding whether or not a model may exist®. In
Tables 5.2.1 and 5.2.2 we have marked with an asterisk the entries corresponding
to a simple residual. The reader will notice, that in all but one case, it is possible
to have a simple residual. Now we tabulate the result of our calculations for all
possible cases. In each case the models exhibited can be (and have been) shown
to be unique. In our table we use the following notation:

(1) v=A2r—1)+t— A where 0<A<r—1lorr<A<2r-2.

(i) « and B will be the integers which are functions of p such that agj +
Bhy,, will have negative Clifford index. Once we have establised o and g we
can obtain an upper bound on p. R

(iii) g will be the dimension of the linear series gy, such that ag;+ Bh;, ,+
gh =K where {&, B} ={a -1, f} or {&, B} ={a, B—1}.

(iv) T will be the degree of the unique g} imposing two conditions on gj,
and by, T=a+f+1ora+pf+2.

(v) S = max{degZ;, degZ,} where A/

iy =&t 8- —-D.

8 For example in (b) above, since puy = r+2u, g,’,,‘2 could not be simple.
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For a given n and r we are in Case A or B. Given p, we find o and f so
that agy + Bhy,, is nonspecial. Then we can calculate p. Next, we find u.
Once this is determined we can find T, and the degrees of &, and 2, are
determined since they can differ by at most 1 and add up to T — p. Finally,
the genus X, of our Riemann surface can be calculated from the formula

T T -
[ 3 ]( D+ [T-1[n-=T(r-1)-1]
CSIS-1] [T-S-plT-S—-p-1]
2 2 ’
and the result of this calculation agrees with the upper bound in (ii). We also

note that the arguments in §4 show that plane models for such curves can be
constructed.

Remark 5.2.3. To see that / (or /+ 1) is an upper bound on p one just has to

examine the tables. Setting f =0 or f =1 (depending on how we calculate

p) will leave us in the case of one g, . and give p=a=/or p=a=1[1+1.
We sum up our findings in this section in the following theorem.

Theorem 5.24. If r > 6 and | > 4 and n=(l+2)r— (I +1t). Let p, be the
Castelnuovo upper bound for a curve admitting one gi,. There exist generalised
Castelnuovo curves of genus p < p, admitting a g, and h;,, Vp, 1 <p<I.

If t = 1 then there exists a generalised Castelnuovo curve of genus p, admitting
ah

n+l+1-°
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